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Introduction

We will be primarily interested in the following questions.

O

If A is a real square n-by-n matrix (A € R™") and x is a column vector
(z € R™) how quickly can we compute:

- Ax?
- A l2?

The naive algorithms for the above two problems require O(n?) and
O(n?) operations respectively.

Strassen-style [9] algorithms can improve the latter to O(n> ") but are
impractical.

If there is more structure in the matrix A, can we do better?
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Outline of the Talk

Examples of structured matrices
Strassen-style algorithms

FFT and Toeplitz
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Sequentially Semi-Separable Representations
Hierarchically semi-separable representations
Concluding remarks

Thank you
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Examples of structured matrices

Toeplitz & Vandermonde
Cauchy & Banded
Generalizations

More questions
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Toeplitz & Vandermonde

0 Toeplitz matrices:

o Vandermonde matrices:
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Cauchy & Banded

]

O

Cauchy matrices:

Banded matrices:

ro—Yo Lo-Y1 To-Y2
1 1 1
1-Yo r1—-Y1 T1-Y2
(ag b
Co ai b1
C1 a2
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Generalizations

o Blocked versions.
o Inverses of structured matrices.

0 Generalizations of Cauchy matrices where the kernel f(z,vy) = (z-y)7}, is
replaced by functions f:R? - R with structured singularities. Example,

f(z,y) =log |z -y

0 Sparse matrices induced from graphs.

o Matrices of the type:
A+BC™'D

where A, B, (' and D are all structured matrices.

0 Sums of tensor products of structured matrices.
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More questions

o Examples required O(n) numbers to represent n x n matrix.

o Can we get O(nlog®n) algorithms for Az and A™'z computations?

o Can we get O(nlog®n) algorithms for Gaussian elimination (LU),
Gram-Schmidt (QR), singular value decomposition (UXV?) and
eigendecomposition (VAV1)?

0 Are the algorithms numerically stable?

o If not can we get slower, say O(n?) for A~1z, that are numerically stable?

Answers are known only in special cases.
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Strassen-style algorithms

Fast matrix multiplication
Trading multiplies for additions
Strassen-type formulas
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Fast matrix multiplication

Consider the 2 x 2 block product of 2 matrices:
An Ap||Bu Biz|_|Cn
A1 Ao || B21 Bao Co1

Cij = AinB1j + Aja Baj

with

This requires

0 8 block multiplies: O(n?) operations
0 4 block adds: O(n?) operations

Strassen’s idea is to trade matrix multiplies for additions, which are far

cheaper, and the use the formula recursively.

C12
C22

|
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Trading multiplies for additions

The right way to look at Strassen is to study the bilinear operator (A, B) - AB.

Consider P x () and Q x R block equi-partitions of A and B respectively. For
some L, suppose

Ml = Z O‘g;,in,j Z Bg,jBi,j , l = 1, . .,L,
1€P,jeQ) 1€Q),JeR

and
> A pBrj= > A M, i=1,....P, j=1,...,R,
ke@ leL

l l l
for scalars o 57;,]' and )\,L-’j.
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Strassen-type formulas

o If we can find scalars ozgj, ij and )\éj such that these equations hold then

we would have a formula with O(Q(P + R)L) additions and L multiplies.
To be fast we need L < PQR.

There are (Q(P + R) + PR)L variables and (PQR)? tri-linear equations.
Strassen's first solution was with P=Q =R =2 and L =7.

Finding P, (), R and L such that there is a solution is non-trivial.

The larger P, () and R are the less practical would the method be.

O O o o od

We will not pay much attention to Strassen-style acceleration in this tutorial.
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FFT and Toeplitz

Discrete Fourier series

FFT

Circulant matrices

FFT diagonalizes circulants
Padding

Toeplitz multiplication

Any sized FFT
Fast Toeplitz back substitution
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Discrete Fourier series

For positive integer n let w, = exp (1,27”) with (2 = —1.
The discrete n x n Fourier matrix is defined to be:

~ 00 0-1 0-2 0-(n-1) 7

) ) ) 1-(n—1

e Wt W e

. . . 2.(n—1

Faz=l @l ot W Wy
~1)-0 ~1)-1 ~1)-2 ~1)-(n-1
_wﬁbn ) M(ln ) M(ln ) wrgn )-(n )_

Let
. 0 1 2 n—1
= dlag [w2n Wop Won o+ Wiy ]
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FFT

It is easy to check that:
o 1L Q|| F O
T -l o FE,

0 The recursive application of this idea, when n = 2%, enables the
computation of F,,x in O(nlogy,n) operations. This is called the FFT.

0 Note that F,' = F so F-1x can also be computed in O(nlog,n)
operations.

0 The case n # 2* will be covered later.

0 The FFT [4] is the gateway to many classical fast algorithms.
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Circulant matrices

Co Cp-1 C2 C1
C1 Co Cn-1 C2
C1 |
C(c) = : .
Cn—2 : C1 Co Cp-1
Chl Cpna e C co |

The circular shift down matrix:

Q9 .- -« 0 17
1 0 . 0
Zey =10 1 ~ 1 i|=C(e1)
: . .. 0 0O
10 0 1 0]
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FFT diagonalizes circulants

Let
A, =diag [wg wioow? o wﬁ_l]
Easy to check that
Zoy = o\

Since )
C(e)= > ¢ Z’é
k=0
it Is easy to check that

C(c) = F, diag (v/nF,c) FY

Therefore if ¢ € R?" we have O(nlogsn) algorithms for computing C'(¢)z and
Ct(c)x.
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Padding

If the length of c is not an exact power of 2 we can pad it out. Hereisa 3 x 3
example of C(c)x = y:

— — - — - —

Ch C2 (C1 0 0 0 Co C1 iy Yo
Ci1 Chp C2 (C1 0 0 0 C2 I U1
Coy C1 Cop C2 (C1 0 0 0 X2 Y2

0 Ca C1 Cyp C2 (C1 0 0 0 |l *
0 0 Ca C1 Cyp C2 (C1 0 0 | ox
0 0 0 Cy C1 Cyp Co» (C1 0 *
C1 0 0 0 Ca C1 Co Co 0 *
Co C1 0 0 0 C2 C1 (O 0 *

- — - — - —

Therefore any sized circulant matrix can be multiplied in O(nlogyn)
operations using powers-of-2 FFTs.
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Toeplitz multiplication

A Toeplitz matrix can be embedded in a circulant matrix. Here is a 3 x 3

example:
40
t-1
t-2
to
3

0 Therefore we can compute 1T'x for any sized Toeplitz matrix 1" in

(4]
to
t-1
t-2
to

O(nlogy n) operations.
0 Unfortunately this does not yield a technique for the fast computation of

T 1.

to
(4]
to
t-1
t-2

L2
to
t
to

tq

t 1]
t-2
to
(4]

to _

Zo
L1
L2
0
0

e

—

—

Yo

—
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Any sized FFT

Let
exp (—LEOQ)
exp (—L%lz)

S

I', =diag

| exp (—L%(n — 1)2)‘
It is easy to check that I'), F),I';, is the Toeplitz matrix:

exp (—L%O2) exp (—1Z1%) o exp (—L%(n— 1)2)
exp (—.L%12) exp(—.L%()?) ..o exp (—L%.(n—2)2)
_exp(—,%'(n— 1)%) eXp(—ag'(nJ)?) eXp(—.L%O2)

Therefore we can compute any sized Fj,z and FX 2 in O(nlog,n) operations.
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Fast Toeplitz back substitution

If T is a upper triangular Toeplitz matrix then 7'z can be computed in
O(nlog3n) operations using the classical "divide and conquer” approach.

O
-1 B B
T_lx _ TO T1 iy _ TO 1(560 — Tl(T2 1561))
0 15 1 T2_1371

o Since all T} are Toeplitz we can apply this recursively to compute 771 z.
The number of operations f(-) satisfies the recurrence

f(n) < Zf([g}) +cnlogyn

for some constant c.
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Fast classical polynomial arithmetic

Multiplication

Division

Division

Expansion of products
Evaluation

Lagrange sums
Interpolation
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Multiplication

We will restrict ourselves to monomial basis for the nonce.
(Z aixz) ijx] = chxk
i j k

can be written as

— — —

—CLO 0 ] —bo Co
ar ap . by la
as ai ag - b2 C2

This yields an O(nlog,n) algorithm.
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Division

Given

o polynomial ¢(x) of degree n
o polynomial a(x) of degree p

Find

0o polynomial ¢(x) of degree n —p
0 polynomial r(x) of degree p—1

such that ¢(z) = a(xz)qg(x) + r(z). Expanding in the monomial basis:

p n—p _ p—1 , n
(Z a,nx”) (Z qjx]) + Z rixt = Z cpx.
i=0 7=0 §=0 k=0
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Division

In matrix form we have:

— —

ag o - 0 0 o - 0
ai ao 0 0 0 0
: S : S ro Co
ap-1 Ap-2 ao 0 0 0 adi 1 C1
ap  Ap-1 ai ag 0 0 : :
0 ap as aip ag O[] ap-1 N rp-1| _ | Cp-1
: p 0 Cp
0 0 o Qp Gp-1 Qp-2 - G || 49p+1 0 Cp+1
0 O - 0 a ap1 - @ : : ;
0 o - 0 0 ap o azflan—p| | O ] [ & |
0 0O - 0 0 0 - ap)

o The g;'s are found in O(nlogsn) operations.
o The r;'s are found in O(nlog, n) operations.
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Expansion of products

Given complex numbers g, x1, -+, Tp-1 define

Gris() = Wi, (@ = 24)

Note that
40:n-1 = 40:(n+2)9(n+2+1)mn-1

o Therefore by using this recursively we can compute the coefficients of
qon—1 in O(nlogsn) operations.

o Note also that we compute the coefficients of qg.(,,-2) and q(p:2+1):n-1)
and many more such polynomials along the way. This is exploited in the
next couple of slides.
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Evaluation

Re-using x; and g,.s from previous slide.
Given polynomial p of degree n, find p(x;) for i =0,...,n—1.
Let

p(.ﬁlﬁ) = C]o:(n+2)(37) do(ilf)-l-po(l‘)
p(il?) = Q(n+2+1):n—1(x) dl(ib‘)-l‘pl(ilf)
Then note that
p(xZ) = pl(xi)a 7::07"'7”%27
p(zi) = po(i), i=(n+2)+1,...,n-1,

and the degree of p; is roughly n/2. Therefore by recursively applying this
idea we can finish the evaluation in O(nlogsn) operations.
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Lagrange sums

Let x; be as before. Let
Qritzs = (T =7 ) (T — 24-1) (T — Tps1) (T — 25)
Let p(z) = ¥, @i Qo:in—1(x). Note that

QO:i:n—l(x) - qO:i:(n+2)(x) C](n+2+1):n—1(x)7 1= 07 cee, T 2:
QO:i:n—l(x) = qO;(n+2) (CU) Q(n+2+1);i;n_1(lll’), 1= (n - 2) + 1, ceey, N — 1.

It follows that we can split p into two Lagrange sums pg and py:
p(il?) = po(ib‘) C](n+2+1):n—1(x) + pl(ZIZ) 40:(n+2) (SE‘)

Using this idea recursively we can compute the coefficients of p in O(nlogsn)
operations.
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Interpolation

The famous Lagrange formula

p(x) = Z p(xZ) i)QO:i:n—l(fU)

i=0 QO;i;n—l(x

expresses the polynomial p in terms of its values at the points x;.
Note that

qo;i;n—l(xi) = Q(l):n—l(xi)-
We can compute the derivative of a polynomial in O(n) operations.

Therefore the coefficients of the Lagrange interpolating formula can be
computed in O(nlogsn) operations.
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Displacement structure

Historical context
Toeplitz

Vandermonde

Cauchy and Pick
Displacement operator
Similarity transformations
Recovery

Displacement rank of inverse
Gaussian elimination
Schur algorithm

Toeplitz to Cauchy
Diagonal plus rank one
Inverse

Products
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Historical context

0 Polynomial division can generate large coefficients, so most related
algorithms are impractical (either unstable or memory hogs).

0 Classical fast and super-fast Toeplitz algorithms are also unstable.

0 The development of displacement rank by Kailath et. al. [8] finally lead to
developments that helped resolve some of these issues.
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Toeplitz

The basic idea is best explained with an example. Let

0 0 07
1 0 '
Z, =0 1 .
;w0 0
0 -~ 0 1 0

denote the down shift matrix. Then observe that

- — — — — —

a b c a b c a b c
d a bl-2/|d a b|Z/=|d 0 0
e d af e d af e 0 0

has rank 2.
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Vandermonde

Let )
1 x9 :I:g
V=1 x :1:%
Observe that
V-Dvz)

has rank 1.

ot

- O O

D = diag(x).
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Cauchy and Pick

Let i
(wo-vo)™" (wo-y1)~"
C=|(z1-y0)" (@1-y1)" -,

D, =diag(x), and D, = diag(y). Observe that

1 1
C-D,'CD,=D;'|1 1

has rank 1.
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Displacement operator

0 Motivated by the Toeplitz case we call
Lap(T)=T-ATB" = PQ*

the displacement equation for T', and (P, () the generator for T" with
P, e R™".

o Therank r of L4 p(T) is called the displacement rank of T" with
respect to L4 B.

If £,'5(2y’) can be computed rapidly when z,y € R", then we could use
(P, Q) as the representation of T" and hope to obtain fast algorithms. This
pans out for Gaussian elimination.
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Similarity transformations

o Toinvert L4 g we need to make A and B triangular. This can be done
via a similarity transformation
wlrv-t—(wtAaw)y(wiTv-HwBtv-h = (W iP)(QTv Y.

o For computational efficiency this requires that the Schur type
decomposition of A and B can be computed rapidly and the
corresponding W and V' can be applied rapidly to P and () respectively.

o Note that we do not need to compute W=tTV 1.

0 From now on we will assume that A and B are already triangular.

0 Note that this puts a major crimp on the class to which A and B can
originally belong. All our examples so far are fine though.
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Recovery

Let

pelp] eclo)

From the displacement equation we obtain

plq

1-apf
s = (I-BA) " (Pig+7p5Db)
t = (I-aB1) ' (Qip+Tah)

T =

To recover T efficiently from (P, (Q)) we must be able to implement above
formulas in O(n) operations.
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Displacement rank of inverse

Claim:

rank(L£4.5(T)) = rank(L 4 5(T™1)).

Follows from the identities

71 BT
T

7 ol[7T!
AT I|| 0
] BTT-1

0 I

BT
T - ATBY

|

T-1-BTT-14 0

A

T

|

Natural question is whether we can go quickly from the generators for T' to

that of T1.
Answer: Schur algorithm.
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Gaussian elimination (1/3)

One step of (two-sided) block Gaussian elimination on T

5ol 516 1 e
L) et

Then we can find W 1AW and VL BVY:

Let

O =

1 0|[a O][1 O] [ a 0
~—£ I_ _b Al_ ~$ I_ - ~b+(141—041)$ A1
1 0o][s o]f1 o] | 3 0
-t I||h B[t I  |[h+(B-BD)L B
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Gaussian elimination (2/3)

Let
t
bi=b+ (A1 —al)S  hy=h+ (B -BI)~
T T

then (W AW)(W TV (VBTV™1) can be computed as:

a 0|{r ol[B8 A{| [arB athi
bl Al 0 S||0 B{ - blTﬁ AlsBip+b17hr{
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Gaussian elimination (3/3)

Claim:

rank(L 4, B,(S)) =rank(L4 5(T)).

Displacement equation for Schur complement S
S-ASBl = P,QY+brht

T
= P (I+ &) Qg
Tof

using the recovery formulas for the transformed equation for T'. If a8 =0 it is

easy to show that rank(P,Q2) < .
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Schur algorithm (1/2)

0 The recursive application of this idea to S is called the Schur algorithm
(originally discovered in complex analysis).
0 Requires that A and B are special lower triangular.

— Az can be computed in O(n) operations.
— (I -pBA) 'z can be computed in O(n) operations

0 The recovery formula computes the first row and column of T' (and S in
O(n) operations. This is enough to compute the LU factorization
recursively.

0 Hence the LU factorization of T' can be computed in O(n?) operations
(versus the slow O(n?) operations).
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Schur algorithm (2/2)

The Schur algorithm is in general unstable.

O

If A and B are diagonal then we can incorporate pivoting and obtain a
fast O(n?) algorithm that is very stable [6].

The general Schur algorithm can also be stabilized to some extent [3].

If A and B are not diagonalizable carefully chosen low-rank perturbations
can be used to fix the problem.

The Schur algorithm produces unstructured L and U factors.
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Toeplitz to Cauchy

Let:

L =

0

0

0

0 ¢
L0
0 0
1 0]

Note: Eigendecomposition of Zy is a diagonal scaling of Z 's decomposition.

0 rank(Lz,,z,(T)) is at most three if T' is Toeplitz.

0 Therefore a fast trigonometric transform will convert a Toeplitz matrix to

a generalized Cauchy matrix.
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Diagonal plus rank one

O

If L4 p is non-invertible (standard Cauchy matrix), we can fix it by
considering L 4, ., 7 p for suitable x,y € R".

If A is diagonal we can choose the eigenvector matrix of A + zz! to be a
Cauchy matrix with orthogonal columns and this can be computed in
O(n?) operations plus the cost of finding n roots of a secular equation
[Gu & Eisenstat].
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Inverse (1/2)

We can use the Schur algorithm to find the generators of the inverse. Note
that 77! is a Schur complement of

o

Kl B el | s )

and the rank of

IS at most

rank(£ 4 5(T)) + rank(I — AA") + rank(I — BBY)
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Inverse (2/2)

o By running the Schur algorithm half-way through, the generators for the

inverse can be computed in O(n?) operations
0 Applied to a Toeplitz matrix this yields the Gohberg—Semencul formula for

the inverse of Toeplitz matrices.

47 / 125



Products

Claim: Rank of
£A1,Bz (T1T2)

Is at most
rank(L£ 4, 5, (T1)) + rank(L 4, B, (T»)) + rank(I — B As)

Proof is an easy calculation.

0 The generators for T1T5 can be computed in O(n?) operations.

0 Product of two Toeplitz-like matrices is Toeplitz-like with larger
displacement rank.

0 Product of two Cauchy-like matrices is Cauchy-like under some
circumstances.
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Questions

0 Given a family of matrices 1', what is the optimal choice of the family
(A, B)?

o If A and B are lower triangular Toeplitz matrices we have a fast Schur
algorithm. What family of matrices does this correspond to?

0 |s there a generic technique to compute T’z quickly?!

0 Is there a generic technique to handle structured matrices of the form
T1To+1T5Ty?
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Low rank structure

Simple rank structures
Sparse matrices
Sparsification
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Simple rank structures

The Schur algorithm exploits low-rank structure in an oblique manner. Many
modern algorithms are built on a few trivial observations:

o If A= PQ! with P,Q e R™", then Az = P(Q'z) can be computed in
O(nr) operations.

o Furthermore P and Q can be computed in O(n?r) operations via
Gaussian elimination.

o (I+PQH)tz=({U-PUI+Q"P) Q) which can be computed in
O(nr?) operations.

0 A nice coherent presentation is possible via sparse matrices.
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Sparse matrices

o What is surprising is that these algorithms are closely tied to sparse

Gaussian elimination.

0 For example Gaussian elimination on a matrix of bandwidth £ costs only

O(nk?) operations.

o Ordering is critical for fast sparse Gaussian elimination. For the arrowhead

matrix

—

&
0

o -

&

0
&

0
&

0

O

&

> P -

—

sparse Gaussian elimination takes linear time. However, if we reverse the
ordering of both rows and columns, sparse Gaussian elimination take cubic

timel
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Sparsification (1/2)

Let’s discover the formula for (D + PQ*)™!, with P,Q € R™*". First we see
how to quickly multiply b= (D + PQ1)x

y=0Q x b=Dzx+ Py

Our goal is to find x given b. Note that the above formulas are linear and can
be expressed in matrix form

o L)

where all unknown quantities are on the left. If we eliminate y first we see
that D + PQ! is the dense Schur complement of a sparse (identity sub-block)
matrix. However, we can eliminate in the opposite order instead.
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Sparsification (2/2)

D P | b
0 I+Q'D'P||ly]| QDb

Now fast back-substituion yields
y=I+Q"D'P)'Q"Dp  x=D'(b- Py)

which is very efficient if D is a structured matrix.
Plugging vy back in we discover the well-known formula

r=(D'-D'PUI+Q'D'P) Q"D b

This is the core of the strategy we will follow.
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Sequentially Semi-Separable Representations

Hankel blocks
Representation
Controllability & Observability
Banded matrices
Matrix—vector multiply
Diagonal representation
Inversion

-

Multiplication

Lower times lower
Lower times upper
Inverse of lower

LU factorization
Inverse
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Hankel blocks (1/2)

For a square matrix A consider the block partition

m n—m

_m & Ao
A_n—m(Alo & )

o We will refer to the off-diagonal blocks, Ag1 = H,, and A9 = Gy, as
Hankel blocks.

0 Hankel blocks never include entries on the principal diagonal.

o Now suppose that we have a family of matrices A for which every Hankel
block has rank at most r independent of the size n. Can we do matrix
arithmetic quickly with this family?

0 Answer: Yes, via SSS representations [1, 5].

o Call r the SSS-rank of A.
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Hankel blocks (2/2)
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Representation

If A has SSS-rank at most r then there exists sequences of matrices D;, P;,
Q;, R;, U;, V; and W;, such that each is of size no more than r, and

Dy UVl UgWAVyE UgWiWo Vil -
PQg Dy U Vb U WaVyh
A= BRQ]  PQi D, Uy Vi
PsRoRQF P3R2Qi P3Q3 D3

The converse is also true.
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Controllability & Observability

0o For the converse direction note that

—UOW1W2"-Wj_1-
Uy W W,
Hj = : Vi WiV WiWiaVi, o]
Uj_QWj_l
! Uj_1 ]

For the forward direction note that compatible low-rank factorizations of
H; defines U;_1, W;_1 and V; recursively in terms of those from H,;_;.
This yields an O(n?r) algorithm for constructing the SSS representation

of a general dense matrix.
0 Faster algorithms are available in special cases.
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Banded matrices

A tri-diagonal matrix 7', has SSS-rank at most 1. An SSS representation can
be written down explicitly.

D, = 1;;
Ui = Tiin
W, =0

Vi = 1
Po= T
R, = 0

Qi = 1

The inverse of a tri-diagonal matrix is not tri-diagonal but it has SSS-rank at
most 1 too as we will see later.
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Matrix—vector multiply

To compute

Dy UV UWAVE QT x0]
Pt Dy U\Vgh 2|
PRIQF PQi Dy o | 22
we can proceed as follows:

In = Vgajn

g9; = VjTﬂUj + Wjgj+1, J<mn,

ho = Q)0

hi = Rjh; +Q?$j, 0<7,

bi = PBihi-1+ Dix; + Uigis1.
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Diagonal representation (1/3)

Let

- — — —

Wo go
W = Wy = diag{W;} g=|mn

e — . —

and V =diag{V;}. Then the recursions for g can be written as
(I-WZl)g=V"x

Similarly the recursions for h can be written as
(I-RZ)h=Q"x

and those for b as
b=UZ g+ Dx+PZh
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Diagonal representation (2/3)

We can assemble all the recursions into a single matrix equation:

Eliminating g and h we get the diagonal representation of A as a Schur

D Uz
vt 1-wz!
—QT 0

PZ,
0

I-RZ,

complement of the above sparse matrix

A=D+Uz/(I1-Wwz!y"'V''+Pz,(I-RZ)"'Q"

o Since WZIF and RZ, are bi-diagonal matrices this also makes obvious the

fast matrix—vector multiplication algorithm.

0 Also note that the formula splits into strictly lower-triangular, diagonal
and strictly upper-triangular terms.

—

X

)
h

—

b
0
0
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Diagonal representation (3/3)

We see the key algebraic identity is the formula

I -Wys 0
o I -W

e —

-1

’[ Wo W()W1 W0W1W2
0 I Wi W1iWs

e

which is also another way to express the fast multiplication.
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Inversion (1/2)

The equations

D Uz
vt 1-wz!
Q" 0

I-RZ,

PZ,
0

e —

can be re-ordered to yield almost no fill-in during sparse Gaussian elimination.

First re-order the unknowns

Yi =

L4

g
h;

—

Then observe that the equations can be re-ordered as

0 0 P D; 0
0 0 0 [yq+|-VI I
0 0 -R; -QF 0

Yi +

—

o O O

Ui
W,
0

0 b;
Olyix1 =10
0 |0
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Inversion (2/2)

o This is a block tri-diagonal matrix.

b.
0 The whole affair is more transparent by looking at the associated
data-flow graph:

So there exists a numerically stable O(nr?) algorithm to compute z from
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+ (1/3)

0o From
[4 A01] s [4' 301] _ [4' Agy + 301]
& & & & & &
we see that the SSS-rank of A + B is at most the sum of the SSS-ranks of
A and B.
o The SSS representation of A + B can be computed in linear time from
that of A and B.
o The algorithm is easily worked out by brute force, but we introduce an
algebraic technique [Dewilde & van der Veen].

o It is enough to consider the problem for two strictly lower triangular
matrices in diagonal form:

PZ(I-RiZ)'Q{ £+ B,Z (I -RyZ)) Q3%
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+ (2/3)

0 Note that the previous equation can be re-written as:

I-RiZ, 0

-1
T T
0 I—RQZJ §5[Q1 =Q2]

(P12, PZ,]S'S [

where S is the perfect shuffle permutation matrix (S8 = I).
o With some abuse of notation we will continue to use Z| to denote a
“block” down-shift matrix where the inner partitions will be chosen by the

context!
Z, 0]er_
s[4 vz
o Let
T R 0
A I i Y.
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+ (3/3)

Now the representation of AB simplifies to
AB=P;Z,(I -R3Z,)'Q3

and observe that everything is still diagonal which yields the fast algorithm

Py, = [P Pyl
QS;?Z = :Ql;i QQ;’L':

~|Ry; 0]
RB;’L - i O RQ;/]Z‘

This trivial algorithm could have also been obtained by a “state-space”
argument using the data-flow graph.
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Multiplication

Note that

& A01 & By R A()lQ-I-QBOl
& & [[s & [ |a s

0 The SSS-rank of AB is at most the sum of the SSS-ranks of A and B.

0 There exists an O(n) operations recursion to compute the SSS
representation of AB from that of A and B.

0  We use the algebraic approach and split the problem into four pieces of
which only two will be covered in these slides.

— Strictly lower triangular times strictly lower triangular
— Strictly lower triangular times strictly upper triangular
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Lower times lower

We multiply out the diagonal representation for strictly lower:

PZ(I-RiZ) Q1 PZ,(I - RoZ))7'Qy =

-1r -
I-RyZ, 0 Qi
0 Piz] [—Q”{Pzzi I—RlZJ 0

1 .
ref, | B2 0][Z, 0 ro|Qi|
0 PZ,|S S(I [QlTPz R1”0 ZJ) S'S 0| -
PsZ,(I-RsZ,))"'Q3

-

-

where

Ro.; 0
Py = [0 Pl;i] Q5 = [Qm O] s = [Ql'iQ’PQ-i Rl'i]

This fast algorithm is harder to infer by other means.
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Lower times upper (1/4)

Mutiplying out the diagonal representation:
rPz(I-Rz)'Q'uzl(a-wzlH)y'v?h
The previous technique does not work now, so we look for a PFE similar to:

71 Ca(l-aB)? s (1-ap) 1zt
(1-az)(1-8z1)  1-az 1- 6271

We try

(I-Rz)'Q'Uz[(1-Wz[)™" =
(I-RZ)'A+Bz/(I-wZz])™

with A and B as block diagonal matrices.
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Lower times upper (2/4)

Some algebra reveals that
A=Rz,Bz]  Q'U=RzZBZ'W-B
Exploiting the diagonal nature we obtain B via the recursion:
B =Qil; Bi=QiU;+ Ri_1B; 1 W,
From this we can recover A and hence:

PZ(I-Rz)"'Q'Uzl (I1-wz/)'V! =
PZ(I-RZ)"'AV' +PZ,BZ] (I-WwZz[)"'Vv!

The second term is not in the desired form.
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Lower times upper (3/4)

Using the trivial identity
I-Wwzh)y*t=1+wzl(1-wz])!
we have

PZ,BZ/ (I-WZz)'vl =
rz,Bz/Vv' +(Pz,BZ/ W)z (1-wz) 'V’

0 Observe that ZiBZir is a block diagonal matrix.
0 So we are in the desired diagonal form now and we can read off the
algorithm for lower times upper.
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Lower times upper (4/4)

We use a suffix 3 to denote the SSS representation of the product of a lower
and upper SSS matrix.

Ds = Pz,BZ'V"

Py = P
Q3 = @
Ry = R
Us = PZBZ!W
Vs = V
Wy = W

o This requires O(n) operations.
o The SSS-rank does not increase.
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Inverse of lower (1/2)

Claim: The SSS-rank of a lower triangular matrix is at most that of the

original matrix.
+ 0" R 0
A10 & B QAl()# &

Follows from:
To find the representation quickly consider the diagonal form:

(D+PZ,(I-RZ) Q") =
D'-D'PZ(I-(R-Q'D'P)z) Q' D™
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Inverse of lower (2/2)

We can now read off the algorithm, using subscript 2 to denote quantities

belonging to the inverse.
Do
Py
(2
Ry

This requires O(n) operations.

D—l

-D7lp
D1Q
R-Q'D7lp
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LU factorization (1/4)

Claim: The SSS-ranks of the LU factors are at most that of the original

matrix.
Follows from:
& A01 B & O 4A01
AlO s | Al()# &[]0 &
0 To find the algorithm we can try to solve the recursions for the fast

multiplication of lower times upper triangular matrices in SSS form.
o An alternative is a nice approach proposed by Ming Gu (UCB)
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LU factorization (2/4)

First we generalize the representation a little bit by including an extra term:

_ PO - - V() 51
) PRy ViWy
B=A4% b riRy |0\ vaw T

with Cy =0 (but pretend it is not). Note that we can recover the first row
and column of B:

i DO + P()C()VOT (U() + P()CoW())VlT (Uo + P()CoWo)WlVQT o]
P (QF + RyCoVh) : :
PQRl(Qg + ROCOVOT)

.
- —

This gives the first column of L and the first row of U.
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LU factorization (3/4)

Next the Schur complement.

—

Dy UV UWLVy -]
PQQ{ D2 UQVEST
PsRoQi P3Q;  Ds

- —

P
+ Pat RyCoWy [VT leT W1W2VT ]
PsRo Ry 1 2 3
i Pl ] - Vl _—
PR B VQWT
B P3é2}{1 (QOT + ROCO‘/OT)(DO + POCOVOT) 1(UO + POCOWO) ‘/BWg‘lj[/ir
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LU factorization (4/4)

Clearly the only thing we need to do is
01 = R()C()Wo — (Qg + R()C()VOT)(DO + P()C()VOT)_l(UO + P()C()Wo)

Doing this recursively we can compute the LU factorization in O(n)
operations.
The SSS structure of L and U can be inferred from the above formulas.
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Inverse

0o From )
& A01 - B & QA()lQ
Al() & B QAl()Q &
we see that the SSS rank of A1 is at most the SSS rank of A.

o Using our previous formulas the SSS representation of A™! can be

computed in linear time from the SSS representation of the LU factors of
A.
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Hierarchically semi-separable representations

Fast multi-pole method
Row and column Hankel blocks
Binary partition tree

Row and column bases
Expansion coefficients
Representation
Construction
Matrix—vector multiply
Multiply signal flow graph
Solver

Multiplication

LU factorization

Lower inverse

Inverse
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Fast multi-pole method

O

The FMM [7] can evaluate sums of the following form

n—1

Di = Z 4

§=0 1+ (:IZZ — yj)2

in O(nlogyn) operations when x;, y; € R.
In matrix terms this is an algorithm for the fast matrix—vector
multiplication of the matrix A;; = (1+ (z; —y;)?) ™"

The FMM can also be viewed as a matrix representation that captures

certain low-rank structures in A.
The main question is how to apply A™! quickly?
The answer is the HSS representation [2].
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Row and column Hankel blocks (1/6)

The HSS representation is closely related to the SSS representation but uses
slightly different Hankel blocks.

[ m n-l-m
[ & A01 &
A=m Aqp & Ao
n-l-m & A21 &

o We call
Ri=[A10 Aiz]

| Ao
e[

as a row Hankel block.
o  We call

as a column Hankel block.
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Row and column Hankel blocks (2/6)

0 The HSS representation captures the low ranks of both row and column
Hankel blocks but not all of them. It only uses a pre-specified set of
hierarchical partitions.

0 Let ng,p =n. We assume that there are non-negative integers ny.;
specified such that

ok
Mk = Mh+1:2i T Mk+1;2i+1, 0<k<K, O0<e<2

Usually these numbers are visualized on a binary tree with K levels that is
called the partition tree.
0 Using the non-negative integers ny.; on a single level k we can partition
the matrix
Nk.0 N1

ko [ Ak00 Ak01
A= Ak = Nk;1 Ak;l,O Ak;l,l
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Binary partition tree

3.0 3.1 13;2 T3;3 T13;4

n3;5 1713:6




Row and column Hankel blocks (3/6)

The corresponding row Hankel block
R = [Ak;z',O o Apiicl Ak

and column Hankel block
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Row and column bases (4/6)
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Row and column Hankel blocks (5/6)

O

Row Hankel blocks overlaps those of children node:

Ristisi = Ak;Qi,O Ak;2i,2(z’—1) Ak;Zi,Q(iH) Ak;2i’2k_1
+11 —
Ak;2i+1,0 Ak;2i+1,2(z’—1) Ak;2i+1,2(i+1) Ak;2i+1,2k—1

Similarly for column Hankel blocks.
The HSS (FMM) representation exploits the low rank structure of
individual row and column Hankel blocks and the overlap.

We will call the maximum of the ranks of the row and column Hankel

blocks as the HSS-rank of the matrix.
This is similar to SSS but a bit simpler.
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Row and column bases (6/6)

LTI

E R3,4 ........ EI
ittt ieieleieioleirieielelo MM B LLLLL LU L Lo e
R3;5 """""""" .
sy T [N S £ i
Cas—F= &
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Row and column bases (1/3)

0 Let Ug,; be a full column rank matrix such that its range space is identical

to that of Ry
o Let Vi; be a full column rank matrix such that its range space is identical

to that of ng
0 Then there exists matrices By.; ; such that

T L
Aksig = UkiiBrsij Vg, 0%

o This is a highly redundant representation and we can throw many of these
matrices out.
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Row and column bases (2/3)
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Row and column bases (3/3)

0 Due to the overlap of Ry.; with Ry 1.2; and Rp1.2:+1 it follows that there
exists translation matrices Ry.1.2; and Rp41.2,+1 such that

U = Uk+1:2i RE41.2
= R
k+1;2e+14Vk+1;2¢+1

o Similarly for Ci.; we can define translation matrices Wy.; such that

Vi =

)

Vir1:2iWha1.24
Vir1:2i41 Wii1:2i41
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Expansion coefficients (1/2)

0 In the FMM representation one has to choose in addition which
off-diagonal submatrices are represened explicitly in terms of By.; ;.

0 For the HSS case a very simplistic choice is made. We only store Bj.9; 2;11
and By.241.2i.

0 For example, note that Aj.01 covers all sub-matrices of the Ay.; ; for
1 =0,1and j =2,3. Therefore Bi.,91 already covers those other blocks
and their expansion coefficients are not needed.

— — — —

As.0.0 Us.0B2.0.1 V5
A ) ) 2,1 T
Ui,0B10,1 V7'

T
U2,1B2:1,0V5 A1
A= _ - - -

T
7 By VT Ag;2.2 U22B2:2,3V5:3
1;121;1,0V 150 T
Uz:3B2,32V5.9 As:33
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Expansion coefficients (2/2)

....................................

....................................

A2;3,3
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Representation (1/2)

We can now state the final HSS representation using the binary partition tree.

0 On leaf nodes we store Apg.; i, Uk, Vi

0 On the edge from parent (k,%) to child (k£ +1,27), we store the translation
operators Ry.1.2i, Wi+1:2i+1. Similarly for child (k+1,2:+1).

0 On the edge from sibling (k,27) to sibling (k,2¢ + 1) we store By.2; 2i+1.
Similarly for the opposite edge.
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Representation (2/2)
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Construction

o There is a generic construction algorithm, very similar to the SSS case,
that takes O(n?) operations. It is best to do this algorithm over several
sweeps.

0 For special cases the representation can be computed much faster.

0 For sparse matrices the HSS representation can be computed in linear
time.

o If 4;; = f(z; —y;) then FMM techniques can be used to compute the
representation in almost linear time.
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Matrix—vector multiply (1/4)

Consider Az =b. We partition x and b according to the HSS partition tree:

Zo. = @ T = Nk+1:2i Tt 1:2
U = v
NE+1:2i+1 \ Lk+1;29+1

Note that we have to compute V,g;:vk;i = gk.;- Clearly this is doable at leaf
nodes. At non-leaf nodes we use the corresponding translation operators

T
9ki = Vk;ixk;i

_ T T T T Lk+1;2¢
- [Wk+1;2ivk+1;2i Wk+1;2i+1vk+1;2i+1] _
Lh+1:2i+1

T T
Wk+1;2i9k+1;2i + Wk+1;2i+1gk+1;2i+1
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Matrix—vector multiply (2/4)

Next we need to compute terms of the form Up.2; Bi.2i 2i+19k:2i+1- The main
idea is to delay these multiplications to save operations. To that end we

define fj.; via
ki = Akiii Thooi + Uk [
At leaf nodes we have access to Uy.;. At non-leaf nodes we use the

corresponding translation operators instead. It is easier to develop the
recursions by starting at the root level

bo.o = Ao.0,070;0 + Uo:0 fo,0 = Ax

which forces fo.0 =[]
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Matrix—vector multiply (3/4)

At level 1:

A1.0,071.0 + U1.0B1:0,191:1 + U1.0R1.0 f0:0
= Ai00%1.0 + Ur,0(B1.0191.1 + R1:0f0.0)

bl;O

which suggests that
J1.0 = B1,0,191:1 + Ri:0f0,0

The right recursions are

Jree1:2i = Br:2i2i+1 9k:2i+1 + B2 fiw
Jee1:2i41 = DBr:2i+1.2i 9k:2i + Ri:2i41 freu
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Matrix—vector multiply (4/4)

We can now assemble the entire FMM method for the HSS case. For the sake
of simplicity we will assume that all leaf nodes are at level K.

9K;i

Jk;i

Jo0
Jra1;2i
Jr+1:2i1

bK;'L'

T
VK;?L LK i

T T
Wk+1;2i 9k+1;2i T Wk+1;2i+1 Jk+1;2i+1
Bl:2i 2i+1 Gk:2i41 + B2 [r:i
Bl:2i+1.2i 9k:2i + Rp:2i41 [k
Arii ki + Uk [iu

This algorithm costs O(n) operations.
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Multiply signal flow graph

-
- -
" e
Cd - —
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~
NN
NN =}
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Solver (1/5)

0 We observe that the FMM recursions are linear. So we can encode them
In a sparse matrix.

o Fix an ordering of the nodes, (k;%), of the binary partition tree and let g
denote the corresponding vector of the gi.;'s. Similarly for f.

0 Let Z, denote the down-shift matrix on the binary partition tree:

(va)k;i - fk_1;[%J

Note that (Zy f)o.0 = 0 and the values on the leaf, f.;, are lost after this
operation.
O Z\:/F denotes the up-shift and add operation on the binary partition tree:

T
(Zy g)k;i = 9k+1;2¢ T Gk+1;2i+1

Z!> introduces zeros into the leaves and looses the value at the root.
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Solver (2/5)

0 Let Z., denote the exchange-siblings operator on the binary tree:

(Z59)k:2i = Gk2ie1 (Z59)k:2i01 = G:2i
0 Let Pjear denote the linear operator that projects onto the leaves of the
binary partition tree:
(P|eaf£C)K;i = TK otherwise (P|eaf :If)k;z' =0
Note that

(Piz;aff)K;i - fK;’L'

0 Note that Z,Pjeaf = 0.
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Solver (3/5)

In the chosen order of the nodes of the binary partition tree define the
following:

W: block diagonal matrix of the Wy,;'s. Similarly for R.

U: block diagonal matrix of the Ug;'s. Similarly for V.

B: block tri-diagonal matrix of the By ;'s.

D: block diagonal matrix of the Ag.;;'s.

Now we can write the matrix—vector multiplication recursions as:

O o o o od

g = ZgWTg+P|eafVT:L'
f = RZ,f+BZ.g
b = Dx+UPL.f

leaf
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Solver (4/5)

We can merge all these equations into a single sparse matrix:

[ - zIwT
-BZ.,
0

0
I -RZ,
UPiZc;af

~Pleas V1

0
D

g
J

X

.

—

0
0
b

Eliminating g and f we obtain the diagonal form of the HSS representation

A=D+UPL (I-RZ,)'BZ,(I-ZIWT) 1P V7

leaf
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Solver (5/5)

0 However there is another elimination order that has essentially no fill-in.

0 Observe that the graph correspondig to the above sparse matrix is the
same as the signal flow graph for multiplication.

0 The depth-first ordering of this graph is easily seen to be free of fill-in
for both LU factorization and QR factorization.

0 Therefore there is a numerically stable solver for HSS matrices that
requires only O(n) operations.

o One can also obtain explicit factorizations of HSS matrices where the
factors are also in HSS form in O(n) operations.
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Multiplication (1/3)

Since
[ & A()l & 11 & BOl & ]
Aip & Ap||Bio & DB =
| & A21 & 11 & Bgl & |
I s 8By + Ag1# + # By s |
Al()# =+ QBlO -+ A124 3 Aloﬁ =+ QBlg =+ Algﬁ
i & QBOl + Aglﬁ + QBQl & |
o T herefore the HSS-rank of AB is at most the sum of the HSS-ranks of A

and B.
The corresponding fast algorithm can be derived algebraically from the
diagonal representation (unpublished).
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Multiplication (2/3)

The recursions for AB =

Gr; =

OF

Vie.)(A)Uk.i(B)
lejrl;2i(A)Gk+1;2iRk+1;2i(B) +
le:rl;2z'+1(A)Gk+1;2i+1Rk+1;2i+1(B)

[]
Bio1:2i,2i41(A) Grs1:2i41 Brr1:2i+1,2:(B)
+Rk+1;2i(A)Fk;inZ+1;2z’(B)

Dgi(A) Di( B) + Usc,i(A) Fri Vi (B)
| Dk;i(A)Uki(B) Ug;i(A)]
[Vki(B) Dy (B)Vi.i(A)]
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Multiplication (3/3)

The rest of the recursions for AB = ("

Bl.2i 2i+1

By.9i+1,2i

-
—

-
—

-
—

-

-
—

-

By.2i2i+1(B) 0
Rk;Zi (A)Fk—l;iW]z;27;+1 (B) Bk;Qi,2i+1 (A)_

Br.2i+1,2i(B) 0
Rk;2i+1(A)Fk—1;iW]g;2i(B) Bk;2i+l,2i(A)_

Rk;%(B) 0
Br:2i 2i+1(A)Gr:2i+1 Ri2i41(B)  Rp2i(A)

Rk;2i+1(B) 0 ]

Br.2i+12i(A)Gr2iRi2i(B)  Ri.2i+1(A)

Wi;2i(B) B/Z;2i+1,2i(B)G;EF;%HWM%H(B)]
0 Wk,Zz(A)

Wis2i41(B) BlZ;Qz’,Qz’Jrl(B)G£2iwk;2i(3)]
0 Wis2is1(A)
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LU factorization (1/6)

From
[ 3 A01 &
Aip & Ap
B Aoq &

—

I
A104
&

e

0
I
(A21 + QAOl)Q

.
0
I—

0 Therefore the LU factors has the same HSS-rank as A.
0 There is a fast algorithm to find the HSS representation of the LU factors

from that of A.

0 We use Gu's approach and factor

0 The derivation is a bit tricky so we just present the final recursions.

LU = Ag.00 + UO;OFO;OV()%

&

A12 + A104

&
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LU factorization (2/3)

Fo.0

Fl.0;
By.2i+1.2i(L)
Bi.2i 2i+1(U)
Dig;i(L)Dgi(U)
UK;'IJ(U)

VK;i(U)

UK;i(L)

VK;i(L)

[]
Rk;%Fk—l;z'W;g;zi

T
Bi:2ir1,2i + Ri2i1F5-1;i Wie.o;
T
Bi:2i+1,2i + Ri;2i -1, Wi.0i41
T
Dgi + Uk:iFkiVic

Dy (L) Uk
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LU factorization (3/3)

Gr-1:
Ry.2:(U)
Ry.2i+1(U)
Wk;i(U)
Rk;i(L)
Wi.2i(L)
Wi.2i+1(L)

Viei (L) Uki(U)
W/z;%(L)Gk;%Rk;%(U) + le;2i+1(L)Gk;2i+1Rk;2i+1(U)

R0

Ri.2i4+1

— Br.2i+1.2i(L)Gr2i Ri.2i

Bk -1 22+1(L)G/€ 2ZR/€ 121
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Lower inverse (1/2)

O

From ] o
& 0 O
Ao & 0 =
| L J A21 Q_

&
QAl()Q
&

0
&
4A214

&

—

we see that the HSS-rank of the inverse of a lower triangular matrix is the

same as that of the original matrix.

There are recursions to compute the HSS representation of the inverse of
a lower triangular in O(n) operations from that of the lower triangular

matrix.

116 / 125



Lower inverse (2/2)

Gryi = ViiDriUkq
Gi-14 = Wig;gin;Qz‘Rk;% -

W]g;gz‘+1Gk;2i+1Bk;2i+1,2in;2iRk;2i +
ng;gi+1Gk;2i+1Rk;2i+1

UK;i(L_l) = Dkl;z'UK;i

VK;i(L_l) = DE{EVK%‘

Rioi(L7™") = Ry

Ri2i1 (L") = —Bprois1.2iGrioi Rioi + Ri2ic
Wk;%(L_l) = Wi - Bl£2i+1,2z'G;£;2z’+1Wk;2i+1

Wiois1 (LY = Whain
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Inverse

Note that

e Ap T s (8491 + #421)S, s |
AlO & A12 = Sh(Aloﬁ + Algﬁ) & Sh(Al()Q + Algé)
& Ay s | I s (#Ap; + #A21)S, s |

0 So the HSS-rank of A~! is the identical to the HSS-rank of A.
0 We can assemble a fast algorithm for computing the HSS representation
of A~ from that of A. Compute:

— LU factorization of A in HSS form:
— the HSS form of L™ and U *;
— the HSS form of U 1Lt = A°1,
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Concluding remarks

Displacement structure
SSS
HSS

General
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Displacement structure

0 Given a family of matrices does it have a useable displacement structure?
Given a fast displacement structured family can we characterize the family
directly?

Can we generalize displacement structure to sums of tensor products?
What is special about the eigenvectors?

Is there a general approach fast matrix—vector multiplies?

Is there a general approach to super-fast algorithms?

(]

O O O O
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SSS

Very systematic theory that traces its roots back to complex analysis.
Can we generalize it?
See my SIAM ALA'18 talk on our web site.

Structure of eigenvectors?

O o o o
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http://scg.ece.ucsb.edu

HSS

0 Coherent derivation via sparse matrices (similar to SSS) for matrix—vector
multiply and linear system solution.

0 Ad hoc methods for matrix-matrix multiply and LU factorization. Can we
do better?

0 Closely related to the more general FMM representation.

0 FMM representations change under multiplication which seems to rule out
fast exact factorization and inverse.

0 See my afore mentioned SIAM ALA'18 talk on what we can potentially do.
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General

0 The big question in practice is tied closely to the exact inverse of
Cauchy-like matrices where the points are drawn from higher dimensions.

0 These slides can be downloaded from our web-site
http://scg.ece.ucsb.edu
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THANK YoUu!
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