UC SAI:JTA BARI}ARA
engineering P -

irch and innovation.
LR AR



( -\ UC SANTA BARIBARA
%) mechanical

W engineering

A toolbox for computing
spectral properties of
dynamical systems

N. Govindarajan, R. Mohr, S.
Chandrasekaran, |. Mezi¢

SIAM DS17
May 23, 2017



g =N, UC SANTA BARBARA

v mechanical
\% engineering

Outline

* Theory: “periodic approximation”
* Numerical method

* Examples
= Catmap
= Chirikov Standard map

e Conclusions



Theory:
“periodic approximation”



v mechanical
¥/ engineering

( v\ UC SANTA BARBARA

The concept: “periodic approximation”

* Approximate the dynamical system by a periodic one.
* Notion originally introduced by Halmos.
* Katok & Stepin:

= relate the rate of approximation of an automorphism by periodic
approximation to the type of spectra the automorphism has

Our goal:

Use this concept to develop a numerical method to approximate
the spectral decomposition of the Koopman operator.

Class of dynamical systems:
measure-preserving maps on compact domains.
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Periodic approximation: Discretization

1. Partition domain into sets
1. Elements of equal measure p- { 4\
2. Diameter shrinks to zero B i
3. Each partition is a refinement 7l AT T LT
(subdivision) of the previous P A LA
2. Solve bipartite matching problem to // Vi
get discrete map T, 4 i
1. Solution guaranteed by Hall’s D) i
marriage problem - f L
1(Pn,j) = ulX)
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Periodic approximation: Hall Marriage
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trim edges to
obtain bijection

Bi-partite matching
algorithm

Problem

Hall's Marriage Problem

Perfect matching iff for any

subset of nodes B on the lefft,
its cardinality is less than the
cardinality of the union of
their neighbors, Ng(B).

Ty : P P

Tn is a permutation => unitary

|B| < [Ng(B)|
- z( >
keB \l:p(T(pn,k)Npn,1>0)
q(n)
> Z Z,u pnk mpnl)
kEB
— Z1:|B|
keB
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Discretization overview (1)

continuous case:

LAX,Mp) = {g: X = C | llgll <ce},  Hgll i (fxagcx);’dn)"'

U: L32(X, M, pu) ws L2(X, M, 1)

(Ug)(x) := g o T(x)

T ——————————————————————————————————————————————
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Discretization overview (2)

discretization of the automorphism:

Tn:p"HP"

Ty is a periodic approximation

discretization of the observable:
q(n)
(Wng)(z) = gn(z) = Z n,5Xpp,; ()
=1

= S fx g(z)xp,, 4 (=)du
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Discretization overview (3)

Uy : L?‘(X.M.u) . L?‘(X.M.u)

qin)

Ungn)(z) = n.s -
( g ) = Jg‘g 'JxTn ‘(Pn.J)(r)

qln)

1Y
Ungn = 2 e’ "‘ksn.O" kgn
k=]

Sn,D9n = Z sn.e,“kﬂﬂ
On k€D

T —————————————————————————————————————————————————

J— n,k -
unvn,k: — € Un,k Sn,en,k;gn = Un,k <'Un,kagn>



Convergence of Periodic
approximation

P r‘
Tf 5
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ALt A,

i~
:J

k
lim Y dp(T'(A),T,(4s)) =0
==k

10



Spectral convergence results

N
(2) Ukg = / e'%dSpg = Zaleiwl o+ / e*?dSh g, kelZ.
s = s

(i) For some interval D C S, if g € L*(X, M, u1) has no nonzero modes aj in (2) corresponding
to eigenvalues on boundary 0D = D \ intD, then:

lim ||Spg — Sn,pgn|| =0
n— o0

(ii) Define:
(11) Pa, n(; gn = Z “Sn Dq.;9n ‘ XDq ](9)7

where

2 .
Dy j:=100-1,00), baj:=-1+ Ej'

It follows that:

i [ ¢(O)pan(8:9,)00 = [ p0)p(6:9)d8,  for every o € D(S).
S

n,a—oo Jg

11



Numerical method
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Basic outline of numerical method

* Class of dynamical systems:
Volume preserving maps on the d-torus

* Two steps:
= 1. Construct periodic approximation.
= 2. Compute spectral projections of the periodic map.

13
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1. Construct periodic approximation

Basic idea:

* Partition the d-torus into boxes and define grid points

* Evaluate map at grid points

* Construct neighborhood graph

* Solve bipartite matching problem

* Solution of bipartite matching is a candidate periodic discrete map.
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2. Compute spectral projection

Basic idea:

* Use the Koopman operator of discrete map to approximate spectral projections.
* Discrete Koopman operator has a permutation structure.

* Find cycle decomposition of the permutation.

* Once the cycle decomposition is known, spectral projections can be computed
with the FFT algorithm.

Matlab routine:
* Uses David Gleich MatlabBGL graph library to find periodic approximation.
* Code will be made public simultaneously with the papers.

15



Examples
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Cat map

* Arnold’s cat map:
T(x1,22) = (221 + 2,21 + x2) mod 1

*An example of an Anosov diffeomorphism
*Has “Lebesgue spectrum’
*The following observables give the following densities:

g1(z1,22) = 627”:(2901+$2) | = p(0;91) = %
92(961, x2) _ 627’('1.(211314‘1?2) 4 %6(27#%(53614-31’2)) | = p(@;gz) = % (% + cos 9)
g3(x1’ .1,'2) — 2mi(2z1+w2) + %6(27m(5w1+3:c2)) + %627m(13w1—|—81’2) = P(07 93) = % (% + % cos @ + %COS 29)

17
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Cat map: some results

g1(z1, 22) = e;(P(i?W(?xl + x3))

0;91) = —
p( 7g1) 27T

n=250

18
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Cat map: some results

g1(z1, 22) = efp(i%(?xl + x3))

0;91) = —
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Cat map: some results

g1(z1, 22) = efp(i%(?xl + x3))

0;91) = —

n=1000



Cat map: some results

g1(z1, 22) = ei(p(i%(?xl + x3))

0;91) = —

21



Cat map: some results
g2(x1,x2) = exp(i2w(2x1 + x2)) + exp(i27(5x1 + 3x2))

1 /5
P05 g2) = o (Z + cos 9)

n=250

22



Cat map: some results
g2(x1,x2) = exp(i2w(2x1 + x2)) + exp(i27(5x1 + 3x2))

1 /5
P05 g2) = o (Z + cos 9)

n=500

im A
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Cat map: some results
g2(x1,x2) = exp(i2w(2x1 + x2)) + exp(i27(5x1 + 3x2))

1 /5
P05 g2) = o (Z + cos 9)

n=1000

im A
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Cat map: some results
g2(x1,x2) = exp(i2w(2x1 + x2)) + exp(i27(5x1 + 3x2))

1 /5
P05 g2) = o (Z + cos 9)

im A
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Cat map: some results

93(x1,x2) = exp(i2m(2x1 4+ x2)) + exp(i27w(5xy + 3x2)) + exp(i27(13x1 + 8x2))

1 21 10 1
+ cos 0 + — cos 260
27 2

n=250

26



Cat map: some results

93(x1,x2) = exp(i2m(2x1 4+ x2)) + exp(i27w(5xy + 3x2)) + exp(i27(13x1 + 8x2))

1 21 10 1
+ cos 0 + — cos 260
27 2

n=500

27



Cat map: some results

93(x1,x2) = exp(i2m(2x1 4+ x2)) + exp(i27w(5xy + 3x2)) + exp(i27(13x1 + 8x2))

1 21 10 1
+ cos 0 + — cos 260
27 2

n=1000
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Cat map: some results

93(x1,x2) = exp(i2m(2x1 4+ x2)) + exp(i27w(5xy + 3x2)) + exp(i27(13x1 + 8x2))

1 /21 10 1
— 2
Sy (16+ 3 cos 0 + 5 €08 9)

p(0; g3) =

n=2000

29
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Chirikov Standard map

* Chirikov-Taylor map:

1 + xo + K sin(27zq)

T(x1,22) = [ ro + K sin(2mxq)

] mod 1

* Model of a kicked rotor.
* Has mixed spectra?

30
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Chirikov Standard map: some results

K=0.00

1
sin(mz?) + 1

g(z) = sin(27z1) cos(2mxy) + sin(mzs) + -1

31
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Chirikov Standard map: some results

K=0.05

L o2 o4 os 0s 1

1
5 —1

g(z) = sin(2mz1) cos(2mxa) + sin(mwzg) + W

32



[ =~ UC SANTA BARBARA

Mechanical Engineering. UCSB

Chirikov Standard map: some results

K=0.10

1
sin(mz?) + 1

—1

g(z) = sin(27z1) cos(2mxy) + sin(mzs) +

33
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Chirikov Standard map: some results

K=0.15

x X

D = [27/3 —0.02,27/3 + 0.02]

w =3m/2

w=0

1
sin(mz?) + 1

—1

g(z) = sin(27z1) cos(2mxy) + sin(mzs) +

34
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Chirikov Standard map: some results

K=0.20

1
sin(ma?) + 1

—1

g(z) = sin(27z1) cos(2mxy) + sin(mzs) +

35



Chirikov Standard map: some results
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Chirikov Standard map: some results

K=0.30

0 02 04 os os
x X

D = [27/3 —0.02,27/3 + 0.02]

1

g(z) = sin(27z1) cos(2mxy) + sin(mzs) + Sn(ra?) + 1

—1

37
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Chirikov Standard map: some results

K=0.35

L} 02 04 oe os 1
X X
1

D = [27/3 —0.02,27/3 + 0.02]

1
1

g(z) = sin(2mz1) cos(2mxa) + sin(mwzg) + sn(rad) 1

38
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Conclusions

* Asymptotic convergence of the spectra is guaranteed in a weak-sense.
* Method can deal with continuous spectra.
* Method is only tractable for low dimensional maps.

Associated papers (in preparation):
= Theory: “A finite dimensional approximation of the Koopman operator with convergent
spectral properties” N. Govindarajan, R Mohr, S. Chandrasekaran, |. Mezic.

= Numerical method: “A convergent numerical method for computing Koopman spectra
of volume-preserving maps on the torus” N. Govindarajan, R. Mohr, S.
Chandrasekaran, |. Mezié.

= Generalization to flows: “On the approximation of Koopman spectral properties of
measure-preserving flows ” N. Govindarajan, R. Mohr, S. Chandrasekaran, |. Mezié.
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