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EFFICIENT KRYLOV-BASED METHODS FOR SOLVING
OVERDETERMINED POLYNOMIAL SYSTEMS*

NITHIN GOVINDARAJANT, NICO VERVLIET!, RAPHAEL WIDDERSHOVENT, AND
LIEVEN DE LATHAUWER'

Abstract. Computing the null space of resultant matrices, such as Macaulay matrices, is a
central step in many numerical methods for solving systems of polynomial equations. For overdeter-
mined systems, this step becomes the dominant computational bottleneck, even when the number
of solutions is small. We apply two Krylov-based algorithms—LSQR and the augmented implicitly
restarted Lanczos bidiagonalization (IRLBA) method—to compute numerical bases for the approx-
imate null spaces without ever forming explicit factorizations of the Macaulay matrices themselves.
To enable efficient iterations, we develop fast matrix—vector product algorithms based on Fourier and
cosine transforms, exploiting the multi-level Toeplitz structure of Macaulay matrices in the mono-
mial basis and the Toeplitz-plus-Hankel structure in the Chebyshev basis. Theoretical complexity
estimates and numerical experiments indicate that, when combined with a tensor-based approach
for recovering roots from partially computed null spaces, these methods can substantially reduce
memory usage and floating-point operations compared to the standard SVD method.

Key words. Overdetermined polynomial systems, Macaulay matrices, canonical polyadic de-
composition, implicitly restarted Lanczos bidiagonalization, LSQR
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1. Introduction. The problem of solving systems of polynomial equations arises
in a wide range of scientific disciplines such as biology, kinematics, robotics, and
statistics [14,33,43]. Over the years, computational algebraic geometry has developed
a variety of powerful tools to tackle such problems [16,17,18,46]. In the case where
the system admits only isolated solutions, a prominent strategy—alongside numerical
methods such as homotopy continuation [31]—is to reformulate the task of finding
roots as an eigenvalue problem [15,44], or, more recently, as a tensor decomposition
problem [49,50]. The central idea behind the algebraic approach is to construct
multiplication matrices that encode the structure of the quotient algebra associated
with the ideal generated by the system. These matrices can be obtained by various
means, either symbolically using Grobner bases [2,10], or numerically using linear
algebra techniques. The methods developed in [5,9,12,13,27,29, 35, 36,38,45,47] all
fall within this paradigm and trace their theoretical foundations back to resultant
theory and commutative algebra [4,21,22].

Algebraic methods provide an elegant mechanism to retrieve all solutions of
a polynomial system simultaneously. However, their practical efficiency depends
strongly on the system’s size and structure. In certain fully numerical frameworks
[9,20,50], this complexity curse manifests itself in the form of computing a null space
basis of a very large resultant matrix, followed by solving an eigenvalue or tensor
decomposition problem of a prohibitively large size. For square systems, where the
number of equations S equals the number of variables N, the exponential blow-up
in complexity is largely intrinsic to the problem. Since the number of solutions R
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increases exponentially with N, a lower bound is imposed on the computational cost
to retrieve all solutions of the system. For overdetermined systems (S > N), the
situation is more subtle. The number of solutions can vary widely in an overdeter-
mined system, from no solutions to the maximal bounds predicted by Bézout’s and
Bernstein—Kushnirenko’s results [23,40]. Consequently, when R is small, the sec-
ond step of recovering the roots becomes relatively inexpensive. This characteristic
makes overdetermined systems appear more tractable than their square counterparts.
Unfortunately, one must still contend with the primary computational challenge of
extracting the relevant null space from a very large matrix in the first place.

Significant computational progress in solving overdetermined polynomial systems
hinges on addressing the bottleneck of extracting the null space of a resultant ma-
trix. Resultant matrices, such as those of the Macaulay-type, possess rich algebraic
structures such as sparsity, multi-level convolutional patterns, and recursive proper-
ties. Several studies have focused on exploiting these structures for more efficient
null space computation [8,25,37,51,54]. These methods have achieved substantial
computational gains over the baseline SVD approach within their respective regimes.
However, despite their advances, the methods remain suboptimal for overdetermined
systems, as none fully leverage the fact that the null space dimension is small whenever
the root count is small. Ideally, memory usage should scale with the storage required
to represent an R-dimensional subspace; however, existing algorithms often require
constructing considerably larger intermediate matrices before extracting a null space
basis. In this paper, we propose two approaches for computing a null space basis
whose memory requirements scale more favorably with the null space dimension.

The proposed methods are built on two well-established Krylov subspace frame-
works for solving least-squares problems and computing extremal singular vectors.
The first approach employs the LSQR algorithm [39] with a zero right-hand side to
obtain null vectors, while the second uses the augmented implicitly restarted block
Lanczos bidiagonalization (IRLBA) algorithm [6] to compute right singular vectors
associated with the smallest singular values. Both approaches are rooted in the
Golub—Kahan bidiagonalization process, which is a natural choice for extracting fun-
damental matrix subspaces of large matrices. A key advantage of LSQR and IRLBA
is that they avoid explicit factorization or the direct solution of linear systems, re-
quiring only matrix-vector products. In contrast, shift-and-invert techniques—such
as those used in svds (ARPACK) [30]—while effective for rapidly converging to the
smallest singular triplets, rely on explicit matrix factorizations that are infeasible in
our setting, as the multi-level structures of the matrices make direct factorization or
solution prohibitively expensive.

1.1. Contributions. In this paper, we demonstrate the effectiveness of the pro-
posed Krylov methods for extracting the null space in overdetermined polynomial
systems. We focus on systems whose monomial support lies on a rectilinear grid. In
the bivariate case, this corresponds to considering generic polynomials of multi-degree
(d1,ds) rather than total degree D, i.e.,

di do
flz,y) = Z chla:kyl instead of f(z,y) = Z eyl
k=0 1=0 0<k+l<D

The main contributions of this work are:
1. Generalization of the tensor-based Macaulay method [49,50] to polynomial
systems on rectilinear grids expressed in arbitrary bases defined by a three-
term recurrence relation. While modified homogenization procedures can
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EFFICIENT KRYLOV METHODS FOR OVERDETERMINED POLYNOMIAL SYSTEMS 3

handle such systems to avoid spurious roots at infinity [9,47], the tensor
framework offers two unique perspectives:

(a) It enables recovery of roots without constructing multiplication tables
by leveraging the shift properties of Vandermonde vectors and relying
solely on low-rank structure.

(b) Under mild conditions, a single null space vector often suffices to recover
all roots, thereby reducing the computational burden of the initial null
space computation and the associated cost of the Krylov methods.

2. Computationally efficient Krylov methods that leverage fast matrix-vector
products exploiting the multi-level Toeplitz and multi-level Toeplitz-plus-
Hankel structure of Macaulay matrices in the monomial and Chebyshev bases,
respectively. Specifically, if d denotes the degree of the polynomials in each
coordinate and D > d the Macaulay degree, our methods produce a null
space vector in O(SN D?*N log D) floating point operations (flop) and equires
storing O(Sd?N 4+ DY) floats using fast Fourier and cosine transforms. In con-
trast, standard SVD-based approaches require O(SD*Y) flop and O(SD?)
memory. See Tables 1 and 2 for a detailed comparison.

1.2. Outline. Section 2 generalizes the tensor-based Macaulay method to poly-
nomial systems with rectilinear monomial support in arbitrary bases. Section 3 devel-
ops fast matrix—vector product algorithms for the Macaulay matrices in the monomial
and Chebyshev bases. Section 4 introduces and analyzes two Krylov-based null space
methods using LSQR and IRLBA. Section 5 presents numerical experiments illustrat-
ing the practical efficiency of the proposed approach, and section 6 concludes with a
summary and perspectives for future work.

1.3. Notation and review of basic mathematical concepts.

1.3.1. (Multi-)linear algebra. Scalars, vectors, matrices and higher-order ten-
sors are expressed with regular lower or upper-case (Greek) letters, bold lower-case,
bold capitals, and calligraphic letters, respectively, i.e., a, a, A, and A. At times, we
shall use multi-indexed subscript notation, e.g., [A];.; is short-hand for [Al;, .j, . ixjin-
A vector of n zeros is denoted by 0,. The n-by-n identity matrix is denoted by I,
whereas I, ,, describes the m-by-n matrix with ones on the main diagonal and zeros
elsewhere. Diagonal matrices are denoted using the diag(-) notation. The Kronecker
product between two matrices A and B is denoted with the symbol ®. Let [lv]|, :=

>, |vi|p)1/p and ||A|lg := /> |aij|?. The rank of a tensor, denoted rank A, is the
minimal number of outer product terms whose sum represents A. The column and
null spaces of A are denoted with col A and null A, respectively. The symbols (-) T and
(-)*, are used to denote transpose and conjugate transpose. We use T -, X to denote
the mode-n product, i.e., [T «n Xliy ip_1jini1in = 2uiy [T ivein vinings.in [Xjin-
The Hadamard (i.e., element-wise) product between two tensors of similar shape is
denoted with *x. Polyadic decompositions of a tensor are conveniently expressed using
bracket notation, e.g., [Uy, Us, Us] := Zf’:l [U4].,®[U,]. . ®[Ug]. ., where ® denotes
the outer product. A polyadic decomposition is canonical (CPDj if it has minimal
rank. A CPD is essentially unique if any other decomposition can only differ by scal-
ing/counterscaling within terms and permutation of terms [41]. Krylov subspaces are
denoted by .#; (A, x) := span {x, Az, ..., AF~lx}.

1.3.2. Polynomials. Let x® = 2" ---23" denote a monomial over the vari-
ables © = (r1,...,2y) with exponent & € NY. The monomial * has total de-
gree deg(x®) := a1 + ... + ay. = may also be viewed in terms of multi-degree.
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This is done by introducing a partitioning {%}}5_, of the set {1,..., N}, with €}, =
{1, . Cen,} and N1+ ...+ Ng = N, so that we may “split” « into 1 < K <
N disjoint variable groups & = (Ek)i{zl, where £k = (2¢, 5.5 T¢y, ) for k €

{1,...,K}. Subsequently, mdeg (x%; &) := (277:11 Qey s Zanl aCK,n) € NK.
For instance, the monomial 232323 has mdeg (x%; 221) = (8,2) for 2, = ((x1,22),73)
and mdeg (x%; P5) = (3,5,2) for Py = (21, x2,x3).

A polynomial p =} cqx®, with coefficients ¢, belonging to some algebraically
closed field F, is obtained by taking a finite linear combination of monomials over
that field F. The set of all polynomials forms a ring, denoted F[x]. The monomial
support of a polynomial supp(p) := {a € N¥ : ¢, # 0} is the set of exponents
for which the associated monomial coefficients are nonzero. A polynomial is called
(multi-)homogeneous (with respect to some &) if all monomial terms belonging to
the support have the same (multi-)degree. The corresponding (multi-)degree of the
monomials is also referred to as the (multi-)degree of the polynomial.

A root of a polynomial p is a point € CV such that p(z) = 0. For a homogeneous
polynomial, & = 0 is always a trivial root. A nontrivial root & # 0 of a homogeneous
polynomial satisfies p(Axz) = 0 for any A € C. This invariance makes it natural to
study the zero sets of homogeneous polynomials within projective geometry PV —1(C),
where & and Az represent the same point. The (/N —1)-dimensional complex projective
space PN~1(C) is defined as the set of all lines in CV passing through the origin.
Coordinates in this space are written using the colon notation (x; : ... : ay) €
PN=1(C). For multi-homogeneous polynomials, a trivial root is any point in which
one of the disjoint variable groups &, € CN* is zero for some k € {1,...,K}. A
nontrivial root (&1,...,€k) is a root of p if and only if (A& ..., Ak€k) is also a
root for any A; € C. Consequently, the natural domain for studying the zero sets of

multi-homogeneous polynomials is the multi-projective space given by the Cartesian
product PV1(C) x ... x PNx(C).

2. The tensor-based Macaulay method. A tensor-based method for com-
puting all isolated common roots of homogeneous polynomial systems in projective
space was introduced in recent works [49,50,53]. In this section, we generalize this
approach to multi-homogeneous systems in multi-projective space, which naturally
accommodates polynomial systems whose monomial support lies on a rectilinear grid.
Owing to structural differences, polynomial systems with rectilinear support require
a distinct treatment from the total-degree case. While much of the material in this
section will be familiar to readers with a background in applied algebraic geometry,
the following exposition aims to make the material accessible for a wider audience.

2.1. Polynomial systems with monomial support on a rectilinear grid.
Let {¢r}72, denote a polynomial basis described by a three-term recurrence relation

(2.1) apdrr1(r) = (. — Br)or(x) — Wmodr—1(x), aod1(x) = (x — Bo)po(x)

with ¢o(z) = 1. The monomials obviously belong to this class of polynomial bases
given the recurrence relation ¢p41(z) = xdr(z), but so do families of orthogonal
polynomials on the real line! with respect to some positive weighting function w :
[a,b] — Ry. Favard’s theorem ensures that a polynomial basis {¢y}72, satisfying the

IThe monomials are, on the other hand, orthogonal on the unit circle.
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EFFICIENT KRYLOV METHODS FOR OVERDETERMINED POLYNOMIAL SYSTEMS 5

orthogonality relations

b
/ or(x) 1 (x)w(z)dx = 0, k#1,

can be represented using a recurrence such as in (2.1). One important class of or-
thogonal polynomials considered in this paper are the Chebyshev polynomials, which
satisfy the recurrence %(bk;_l’_l(m) = zop(z) — %qbk_l(x) with ¢1(z) = x¢o(x). These
polynomials are orthogonal with respect to the weighting function w(z) = (1—22)~1/2
on [—1,1].

Write ¢g () := ¢, (1) - - - Pry (xn) and define the rectilinear grid

yld] = {keN":k <d,i=1,...,N}.

We are interested in finding the common roots of the overdetermined polynomial
system

(2.2) S: @)= Y donl@) =0, se{l,....S}, S>N.
ked/n[d®)]

Herein, it is assumed that the number of roots R is finite. Generically, f(*) € ¥
has monomial support @y [d(s)] since conversion of f(*) to monomial bases involve
dense transformations. The coefficients of f(*) can be stored in a tensor of size (d; +
1) x ... x (dy + 1) and it is convenient to introduce the notation C*) = coeff(g) to
represent this tensor.

2.2. Structural differences with total-degree systems. Polynomial systems
of the type (2.2) behave differently from total-degree systems whose support is con-
fined to the N-dimensional simplex bounded by total degree d, i.e.,

Byld = {keNV: ki +ko+...+ky <d}.

One notable difference is the growth in the number of polynomial coefficients. Systems
of the type in (2.2) grow exponentially (unless additional structure is imposed) with

HnN:1 d,, coefficients or dV coefficients if d,, = d for all n € {1,..., N}. On the other

hand, total-degree systems with support %y[d] grow combinatorially with (N]j]'d)

coefficients. For low-degree systems, this difference can be stark: a multi-degree
polynomial with d,, = 1 for n € {1,..., N} has 2% coefficients, whereas a total-degree
two polynomial has only (N + 1)(N + 2)/2 coefficients.

Another significant difference is the number of solutions. For square systems
S = N, Bernstein—-Kushnirenko’s theorem [23] states that the number of solutions
equals the mixed volume generated by the convex hulls of the monomial support sets
supp(f®)), with f(*) € £. For systems of the form (2.2), this yields

N
(2.3) perm([dV) - dM]):= Y de-a("))

oceS N n=1

common roots in (C\ 0)Y, where perm(-) denotes the permanent and .7, the set of
all permutations of {1,..., N}. In the special case d®) = d for all s, the system has
N! Hfjﬂ d,, roots (or N'd™ when all d,, = d), whereas a total-degree system has only
T, d® roots (or d~ when all d,, = d).

s=1
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2.3. Homogenization. The roots of a nonhomogeneous system in affine space
can be recovered from a homogeneous system via homogenization. In the standard
formulation, the system ¥ in (2.2) is transformed to

(2.4) S gt a) = th7 et f & (gt =0, se{l,...,8),

producing homogeneous polynomials of degree d®) = dﬁs) + o+ dg\‘;) through the
introduction of a homogenization variable t. The roots of ¥ and ¥; are related as
follows: (t:zy:---:xy) € PN(C) with ¢ # 0 is a projective common root of ¥; if
and only if 2/t € CV is a common root of ¥ in affine space. Consequently, solving
34 allows one to recover the solutions of the original system.

However, this approach can produce byproducts. If ¥; has a projective root
(0:21:-:2y) € PY(C) with ¢ = 0, it does not correspond to any finite root of .
Instead, it represents a so-called root at infinity as the following example illustrates.

EXAMPLE 2.1. Consider the pair of polynomial equations
(2.5) 3 fM=1—z—y+ay=0, [fP:=242—y+22y=0,

which has two common roots at (§(1 + v/5),—1 — V/5) and (3(1 — V/5), -1 + V/5).
Replacing x with § and y with ¥ produces the homogenized equations

(2.6) DI gV = —te —ty+ay=0, ¢? =22 +te—ty+ 22y =0.

The system (2.6) has four projective roots. The projective roots (1 : %(1 +5) :
—1—+5) and (1: (1 —V/5) : =1+ /5) correspond with affine roots of the original
system (2.5). However, the roots (0:1:0) and (0:0: 1) are roots at infinity and do
not relate to any roots of the original system (2.5).

In applications, roots at infinity are not always of interest. When this is the case, there
is a problem since under the homogenization (2.4), the roots at infinity correspond
generically to the zeros of the system

St ho(m)=z%" =0, se{l,...,S}

Yo always possesses roots at infinity. For N > 2, the number of roots at infinity
in ¥, are even uncountable, regardless of the number of equations S or the number
of affine roots R. Specifically, any (z1 : --- : zy) € PY71(C) with x,, = 0 for some
n €1,...,N is a common zero of ¥,. Fortunately, this complication is merely an
artifact of an inappropriate homogenization strategy.

EXAMPLE 2.2. Consider again the system (2.5). Instead of a single homogeniza-
tion wvariable, we may introduce a homogenization variable for each coordinate by
replacing x with § and y with . This produces the bihomogeneous system

(2.7) Yt - g(l) =tv—axv—ty+axy =0, g(2) =2tv+2v —ty + 22y =0,

with (t : z,v : y) € PL(C) x PY(C). Unlike (2.6), the system (2.7) has only the roots
(1: 2(1++V5),1: =1—=+5) and (1: (1 —+/5),1: =1+ /5) and no roots at infinity.

The implications of Example 2.2 are not coincidental. The homogenization of ¥ to

28) S gO(ta) =t O (e /t,. . an/ty) =0, se{L,....5),
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produces a generic system of multi-homogeneous polynomials with mdeg(g(®); 22) =
d®) and & = ((t,, xn))nNzl. The polynomials in ¥y have the structure

S e bae w(tx) =0,

ket [d®)]

S g¥(tx) =

where ¢ g (t, ) = da, gy (t1,21) - - bay iy (En, Tn) and

(2.9) bar(t,x) == ton(x/t).

For square systems, the multi-homogeneous Bézout theorem [40] guarantees that the
number of multi-projective roots of (2.8) equals the coefficient of ¢; - - - ¢y in the poly-

nomial ngl(d(ln)tl + -4 dg\?)tN). One can verify that this number matches the
root count in (2.3). Thus, the homogenization in (2.8) generically does not produce

roots at infinity for the system in (2.2).

2.4. The (multi-homogeneous) Macaulay matrix. To solve 3 in (2.8), we
construct a multi-homogeneous variant of the Macaulay matrix. In contrast to the
Macaulay matrices in [49, 50, 53], which describe maps between homogeneous poly-
nomials, this variant acts on multi-homogeneous polynomials. Before introducing a
coordinate-free construction of the Macaulay matrices using resultant maps [47, Def-
inition 2.4], we first illustrate the essential differences between the two variants with
the aid of Examples 2.1 and 2.2.

EXAMPLE 2.3. For the homogeneous system ¥ in (2.6), the Macaulay matriz
M(D; %) at degree D is the matriz whose rows span the polynomials

{tD_2_i_jxiyj g (i,5) € Bo[D —d¥), s € {1,2}} .

At D = 3, this matriz takes on the shape

3 22 tx2 23 t2y  txy a2y ty2  zy? y3
tog1 1 -1 1 1
teg9 2 1 -1 2
1 —1 —1 1
z-g1
M(3; %) = @99 2 1 -1 2
voon 1 -1 -1 1
Yy 92 2 1 —1 2

For the bihomogeneous system Y, ., the rows of M((Dy, Dy); ¥¢) at bidegree (D, D,)
spans the polynomials

{#P-1-iaig P10yl g 5 (i) € h[D — ], s € {1,2}}

At (D, Dy) = (2,2), this matriz takes on the shape

t202  tzo? 2202 2oy tavy 2oy 242 txy?  x?y?
tv-g1 1 -1 1 1
tv-g9 2 1 -1 2
wv-gy 1 1 1 1
zv- 2 1 —1 2
@v-gg
M((2,2); Er,0)) =

’ ty-01 1 1 —1 1
ty-go 2 1 -1 2
ey-g1 1 1 1 1
oy 2 1 1 2
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The matrices in Example 2.3 arise from the following construction. Let Cy4[t, ] denote
the vector space of all homogeneous polynomials of degree d. Likewise, let C4lt, x]
be the vector space of all multi-homogeneous polynomials of multi-degree d for the
partition & = ((¢t1,21),...,(tn,2n)). For ¥; in (2.4), we define the resultant map
M(D;%t) : Cp_goy[t,x] X ... X Cp_g[t, ] = Cplt, x] by the linear operator

S
(2.10) AM(D;) s (B, RSy sy pe) )
For ¥ in (2.8), the resultant map takes the same functional form,
5
(2.11) AM(D;%) (WY, n ) Y R g,
s=1

but acts as 4 (D; %) : Cp_gw[t, 2] X ... X Cp_gqs [t, ] = Cplt, x]. The Macaulay
matrices M(D; X;) and M(D;X;) at degree D and multi-degree D are defined as the
transposes of the operators (2.10) and (2.11) in some basis, respectively.

EXAMPLE 2.4. For the homogeneous system %; from (2.6), the domain and
codomain of the operator in (2.10) can be written as

h()_zas)tDQh ]2x]1 Jz Zh()()_thD J1 hl‘]l J2

JEHB2[D—2] JE€B2(D]

so that A4 (D; %) : (WD, A2 — B (2 —tx—ty+ay)+h@ (2624t —ty+2xy) defines
a map between spaces of homogeneous polynomials. In contrast, for the bihomogeneous
system Y,y in (2.6), the domain and codomain of operator (2.11) are

B — Z a tDl 1—j14yD2—1— J2x]1 Jz Zh’ s) (s) — Z b; 4D1=31,, D2~ ”x]ly”
e [D— 1] jeats D]

and the corresponding operator M (D; ¥ ) : (R, @Y — D (tv — zv — ty +
xy) + h(z)(2tv + zv — ty + 2zy) acts between spaces of bihomogeneous polynomials.

Thus, if 1(s,i) and j(F) denote maps that convert multi-indices to linear indices,
[M(D; 20)],(5.4),,(5) and [M(D, Dy; S(1,0))] .. represent the contributions of co-
)

(5,4),3(d)
efficient a;” to coefficient bj. For the selected bases, one attains the multi-level

(quasi-) Toeplitz matrices from Example 2.35.

The structure of the Macaulay matrices changes when using a different basis, but
fundamentally they always encode the operation of forming polynomial combina-
tions. In section 3, we provide explicit constructions of multi-homogeneous Macaulay
matrices in the monomial and Chebyshev basis. For now, note that M(D; ;) has

Zle (N+[J’V_d(5)) rows and (N]T,D) columns, whereas M(D;X;) is larger and has

Zf:l Hf:le(Dn —d¥ + 1) rows and Hﬁlzl(Dn + 1) columns.
2.5. The Macaulay null space and system roots. As the following exam-

ple suggests, the null spaces of the Macaulay matrices M(D; ;) and M(D;3;) are
intimately tied to the (multi-)projective roots of ¥; and ¥, respectively.
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EXAMPLE 2.5. The nullity of M(3;X) in Theorem 2.4 is four. The Vandermonde
vectors
v(t,z,y) = [t3 P tx? 23 Py texy 2%y ty?  xy? y?’]T
evaluated at the roots (1: 3(1++/5) : =1 —+v/5), (1: (1 =V5): —=1++/5), (0:1:0),
and (0 : 0 : 1) belong to the null space of M(3;%:). In fact, the vectors form a
basis for the null space. The nullity of M((2,2); ) in Example 2.4 is two. The
Vandermonde vectors

2 2,2 T

v(t,z,v,y) = [t21)2 tev?  z20? oy tzvy 2oy 2P

txy2

x2y2]
evaluated at the roots (1 : $(1 + V5),1: =1 —+/5) and (1 : (11— V5),1: =14 /5)
form a null space basis for M(2,2;3,,)).

The observation that Vandermonde vectors evaluated at a system’s roots belong to
the null space is independent of the choice of basis in which the Macaulay matrix
is expressed. This follows directly from the fact that the ranges of the operators
A (D; %) and A (D; X¢) lie within the ideals generated by their respective systems,
and all polynomials in an ideal must vanish on the corresponding variety.

For the system Y in (2.8), this implies the following. Let vp(7,x) € CP+! denote
the Vandermonde vector with entries

(2.12) [vD (T, X)]j = QASDJ (T7 X)
for j € {0,1,..., D} and define

(213) VeC(VD(Ta X)) = VUp, (Tlaxl) (S ®UDN (TN,XN),

as the multivariate Vandermonde vector obtained by taking Kronecker products of
univariate Vandermonde vectors. If (71 : x1,...,7n5 : xn) € PL(C) x ... x PY(C) is a
root of 3¢, then

vec(Vp(T,x)) € null M(D; %4).

A similar property can be established for M(D; ;). However, unlike the construction
in (2.13), the Vandermonde vectors of M(D; ;) cannot readily be obtained by vec-
torizing a rank-one tensor. Whereas (2.13) directly reshapes into a rank-one tensor,
the Vandermonde vectors for M(D; X;) require more complicated tensor embeddings.

2.6. The Hilbert—Serre theorem and its implications. At sufficiently high
(multi-)degrees, the nullities of the Macaulay matrices stabilize to a constant equal
to the number of roots. This stabilization follows directly from the classical Hilbert—
Serre theorem in commutative algebra and algebraic geometry [21]. The dimensions
of the cokernels of .#(D;%;) and #(D;%,), viewed as functions of their (multi-
)degrees, coincide with the Hilbert function Hy(D) and its multi-graded analogue
H;(D). Hilbert—Serre asserts that for sufficiently large degrees D* and multi-degrees
D*, the functions H¢(D) and Hy(D) eventually agree with a polynomial; see [26]
and [32] for discussions of the graded and multigraded cases, respectively. When the
(multi)homogeneous systems have only isolated (multi)projective roots, this polyno-
mial becomes constant, and its value is precisely the number of roots counted with
multiplicity?.

2In the general case, the leading term of the Hilbert polynomial encodes valuable geometric
information about the underlying variety. For the standard graded case, e and r in the leading term
ﬁdT’l are, respectively, the dimension and degree of the variety. The latter is defined as the
number of intersection points of the variety with a general linear subspace of co-dimension r. When
r = 1, this degree coincides with the number of isolated roots [21, Section 1.9].
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Since the cokernels of .#(D;X;) and .# (D;X;) are isomorphic to the null spaces
of their corresponding Macaulay matrices, the following key result follows directly
from the discussion in subsection 2.5.

PROPOSITION 2.6. Suppose that ¢ in (2.8) has a finite set of R distinct® roots
{(Tl(r) : XY), e ,T]({) : X%)) R, CPYC)x...xPY(C) . Then, for a sufficiently large

r=1
D > D* after which the Hilbert function is known to stablize to the constant R, the
collection of Vandermonde vectors {vec(Vp (7" x"M))}E, C CILL (Pnt)) forms a

basis for null M(D; ¥y).

A similar statement holds for Xy in (2.4) with respect to the null space of M(D;Xy).
The degree at which the Hilbert functions stabilize varies per system. For square
homogeneous systems, an upper bound for this stabilization degree is well known
and given by D* < Zivzl d®) — N [9, Corollary 4.3]. An upper bound for the square
multi-homogeneous case has also been derived [9, Proposition 4.3]. For X, this bound

reduces to D < Ziv:l d¥ —1forne {1,...,N}.

2.7. Reduction to a tensor decomposition problem. Proposition 2.6 forms
the foundation of the tensor-based method for finding isolated roots of the polynomial
system . The central idea is to recover the Vandermonde basis from any computed
null space basis of the Macaulay matrix. One approach to achieve this is by exploiting
the shift property of the Vandermonde vectors in (2.12). This produces a tensor
decomposition problem. Define

ﬂo g 0 0
Mo b oo :
(214) SD = 0 ERDX(D+1)_
: ) ) .0
L0 -+ 0 9 Bp ap]

where {(aq, Ba,7va)}5., originate from the recurrence relation (2.1). By combining
(2.9) with (2.1), the product Spvp (7, x) reduces to

7 (Bodo (X) + andr (¥)) T Xo(X)
: = : =xvp-1(7,X),
™ (vpop—2 (X) + Bodp-1 (X) + apép (X)) T Xop g (X)
making the shift structure explicit. Similarly, one can show that Ip pii1vp(T,Xx) =

Tvp—_1(7,X). Subsequently, these properties produce the following collection of iden-
tities for (2.13):

Vo(T,x) -1Ip.pi+1 -+ NbpypDy+1 = ngl Tn) Vp-1(T,X%),

Vp(T,x) -1Sbp, o+ NIpypyir = (xaITns Tn) Vp-1(T,X)s
(2.15) .

Vo(T,x) -1lp,,pi+1 -+ ~NSpy = (Xn 1—[712/:—11 Tn) Vp_1(T, Xx)-

3A generalization for systems with repeated roots is possible, but requires the introduction of
generalized Vandermonde bases, see [50].
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Let D > D* and suppose that {vec(N;)}E, < CILL(PatD) forms a collection
of R linearly independent null space vectors of M(D;X;). A tensor N of shape
(D1 +1)x---x (Dy+1) x R can be constructed by concatenating {./\/}}fz:l along the
(N + 1)-th mode, i.e., N = cat({NV,}2, N + 1). Subsequently, we form the tensor
TeC (N+1)xXDix.. ><DN><R, where

T(17.7 PR ) - N °1ID1,D1+1 'NIDN7DN+17
T(2,:...,10) = N +Sp, <+ NIpy,Dyt1,
T(N+1,:,...,:,:) = N ‘1ID1,D1+1 ‘NSDN-

Since Proposition 2.6 ensures the existence of a mixing matrix W € CEXE guch
that N = Vp -y11 W, where Vp = cat({Vp (T, x")}E )N + 1). By applying
the identities (2.15), the tensor 7 can be shown to admit the CPD

(2.16) T =[X, Vo, 11s-.s V1.8, W],
where Vp_ , = [U =Py T(LR),X%R))} forne{l,...,N} and
N 1 N 2 N R
&_)[”:fvﬂ(l )(1> (g[":fvﬂs )(2) (11%_)[ ":zlvﬂg )(R>
X — X1 ang Tn X1 Hn:Q Tn Xa Hn:2 Tn
R S i L |

Note that the columns of X are the multi-homogeneous roots of the system .

Specifically, if Tn # 0 for all n € {1,...,N}, the r-th column of X corresponds
N )

ne1 T to

with an affine root of the original bystem Y as it can be divided by []

produce (ng)/Tl(T), e ,XEG)/TJ(VT)) in the second-to-last entry. On the other hand,
{Vp,—1.,}Y_; holds the corresponding Vandermonde vectors.

Provided that W has no proportional columns, essential uniqueness of the CPD
(2.16) is guaranteed if the roots of ¥ are distinct. If R = 1, W must contain non-zero
entries and the roots of ¥; must be distinct in each coordinate?. This observation
makes (2.16) more versatile than it may appear initially. Owing to the uniqueness
properties of higher-order tensor decompositions [19], essential uniqueness generically
holds even for R = 1, that is, when only a single null space vector is available. For
the Krylov methods in section 4, this property can lead to significant computational
savings, since a full null space basis is no longer required to find all roots.

Nonetheless, for the special case R = R, (2.16) is analogous to computing the
eigendecompositions of the multiplication tables of the quotient rings generated by the
underlying ideals, after an appropriate reshaping of 7 into a third-order tensor; see,
e.g., [50]. Since these multiplication tables commute, they can be concatenated into a
higher-order tensor to enable simultaneous diagonalization. However, the decomposi-
tion (2.16) exploits more than mere commutativity: it also leverages the separability
of Vp(7,x) as described in (2.13).

4If 3¢ has roots with multiplicities greater than one, one must instead resort to block term
decompositions; see, e.g., [50].
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3. Fast matrix-vector products for Macaulay matrices. Section 2 intro-
duced the multi-homogeneous Macaulay matrix as the transpose representation of
the operator (2.11) in a chosen basis. In this section, we examine its structure in
the monomial and Chebyshev bases and show how these structures enable efficient
matrix—vector products. Such fast matrix—vector operations are essential for the per-
formance of the Krylov-based null space methods presented in section 4.

3.1. Efficient matrix-vector multiplication in the monomial basis. Let
¥ in (2.2) be expressed in the monomial basis ¢y (z) = x¥. After homogenization,

the basis terms become éd,k(t, z) = t%Fz*. Representing the domain of the operator
(2.11) in the same basis, the entries of M(D;X;) take the form

) it 5 a]de
e’ if§—i € ay[d?),
31 M(D; ¥ Do =427
(3.1) [M( t)]t(s,ﬁ)d(a) {0 otherwise.

In the monomial basis, M(D; ;) is a vertical concatenation of S multi-level Toeplitz
matrices M(D; g(®)) € CIL= (Pa=di? + DT (PatD) | agsociated with the individual
polynomial equations.

The Toeplitz structures can be leveraged to construct efficient matrix-vector mul-

tiplication algorithms. In the one-dimensional case with g = ZZ:O cpt®FxP | the
Macaulay matrices reduces to

M(Dsg) = . L | ec@mdnx@y,
CO Cl e Cd

The matrix M(D;g) can be embedded into the top D — d + 1 rows of the circulant
matrix

ap a1 -+ ap-1 ap
ap ap a1 ap—1
Circla)= | : ap a € C(P+x(D+1)
0
as ay
ai az - ap ao

by setting a = (¢,0p_4) € CP*+1. Using the convolution theorem
Circ(a) = Fp diag(vVD 4+ 1F} a)Fpyq,

e_if%l(k_l)(l_l) is the standard discrete Fourier transform

where [FD-&-l}kl = 5+1
(DFT) matrix in D 4 1 points, a fast matrix-vector product is possible by utilizing
fast Fourier transforms (FFT).

The same Toeplitz-to-circulant embedding strategy generalizes naturally to higher
dimensions. By setting A € C(P1+1)xx(Dn+1) oqual to € € Cldthx..x(dn+1) a¢

Ai:(a+1) and zero elsewhere, M(D; g) can be embedded into the multi-level circulant
matrix Circ(A) € CHn=:(PatDXIT1 (Pat1) with entries®

[Circ(A)]4),(j) = @i—j mod(D+1)-

5Here, i —j mod (D + 1) = (j1 — 41 mod (D1 +1),...,55 — iy mod(Dy + 1)) describes an

element-wise application of the mod operation.
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Given the decomposition

N N B N
(3.2)  Circ(A) = (@ an+1> diag ((@ F;,n+1> Vec(A)> (@ FDM) ,

n=1

where Fp 1 = +/D,, + 1Fp_ 1, the products M(D; g) vec(X) and vec())*M(D; g)
can be computed efficiently using FFTs. Algorithm 3.1 outlines the procedure, where
MV and MVA denote the matrix—vector and adjoint matrix—vector operations, re-
spectively. The functions FFT,, (A, P) and IFFT, (A, P) refer to the P-point FFT
and inverse FFT algorithms applied along the mode n. Since the Krylov methods in
section 4 require repeated matrix—vector products, the gray lines in algorithm 3.1 indi-
cate computations that can be cached. Table 1 shows that Algorithm 3.1 significantly
reduces memory usage and flop count compared with naive multiplication, lowering
the time complexity from quadratic to log-linear in the vector size. Nevertheless, the
total cost still grows exponentially with the number of variables, as the sizes of the
vectors vec(X) and {vec(Y(*))}5_, themselves scale exponentially.

Algorithm 3.1 Right and left multiplication in the monomial basis

1: function mv (X, D, X)
2 forne {l,...,N} do 1: function MVA(3, D, {Y)15 )
3 X« FFT, (X, Dy + 1) 2 Init zero X € C(P1+1)x..x(Dn+1),
4: for se {1,...,5} do 3: for s € {1,...,5} do
5 for n e {1,...,] V} do 4 fOI‘nE\{l,...,N}d’Q
6 C) « IFFT,(C) D, +1) 5 C) « IFFT,(C'),D, +1)
, / 1
7 )« (D, +1)2¢) 6 ¢ « (D, +1)2¢0)
S YO e " Y FFT, (9,0, +1)
9: forne{1,...,N} do 8 XX+ Y xC
10: V) « IFFT,, (Y®),D,+1) 9 forne{l,...,N} do
s ) 10: X « IFFT, (X, D, + 1
11: VO e VO] b g ( +1)

s 11: return X
12: return {y<8>}s:1

3.2. Efficient matrix-vector multiplication in the Chebyshev basis. An
equally efficient matrix—vector multiplication algorithm with comparable asymptotic
costs can be developed for Chebyshev systems. Unlike in the monomials, the codomain
basis of the Macaulay operator (2.11) differs slightly from the domain: the domain uses
the standard Chebyshev basis of the second kind, ¢y (x) = cos(k arccos x), whereas
the codomain uses a modified basis ¢o(z) = 1/2 and ¢p(z) = Yi(z) for k > 1.
After homogenization, the bases transform to g (t,z) = t%cos (karccos(z/t)) and
bax(t,x) =t cos (karccos(z/t)) for k > 1 and bao(t,x) = 1,

The scaling of the first Chebyshev term by one-half is intentional so that the
Macaulay matrix attains a (multi-level) Toeplitz-plus-Hankel structure. When N =
1, the Macaulay matrix becomes a vertical concatenation of S Toeplitz-plus-Hankel
matrices. For a single polynomial g = ¢%+ Zzzl cxt? cos(d arccos(z/t)), the matrix



410

111

112
113
114
415
416

418

119

420
421
122
123
424
425
426

427

14 N. GOVINDARAJAN, N. VERVLIET, R. WIDDERSHOVEN AND L. DE LATHAUWER

M(D; g) € CP—4+1)x(D+1) takes on the form

_CO Cc1 Cda ] -CO Cc1 Cdq 7
C1 Co C1 e Cq c
1
3 +
2 Cd .. Cl CO Clc .. cd C
d
L cd .. cl CO Cl DR cd_ L |

This structure is a direct consequence of Chebyshev identity
(3.3) bai()bap(z) = L (sz,l—',-k(x) + 1Z)d,|k—l|(33)) ;

along with an analogous identity for (ﬁd,l(x) that takes into account the one-half scal-
ing. Similar to the monomial case, the matrix M(D;g) can be embedded into a
larger (D + 1) x (D + 1) matrix that admits a decomposition involving trigonomet-
ric transforms. By setting @ = (¢,0p_4) € CP*TL, the top D — d + 1 rows of a
“Chebyshev”-circulant matrix Chebcirc(a) € CPH1*P+1 with entries

ao a1 “+ ap-1  ap ao ai e ap-1 ap
ax ag ax ap—1 ax ap-1 ap 0
(3.4) % : ay aop - e . ap 0 : ,
ap-1 i - ai ap—-1 -° - —as
ap ap_1 ‘- ai ag ap 0 —as —as

coincide with the matrix M(D;g). The following decomposition can be established:

, , [D+1 _
Chebcirc(a) = Sp41Cpy diag ( Tcg +1le+1a> Ch.1Sp+1,

where Spyq = diag(v/2,1,...,1) € RPHIXD+1 "and

2 om1 _ . 1 k=1
[Cpi1ly = D+1 Cos(m(lfi)(kfl))’ 5k’l_{0 k#1

is the DCT-II matrix [3]. As a result, left and right multiplication of M(D; g) with a
vector can be efficiently carried out with the help of fast cosine transforms (FCTSs).

For N > 2, the structure of the Macaulay matrix becomes increasingly intri-
cate. Although the structure of the matrix still follows from the identity (3.3), the
bookkeeping is tedious since the identity is distributed across each coordinate. For
Chebyshev systems, the matrix M(D;%,) € CX:m 102 (Dn=d+ 1) XTI (Pnt1) g o
sum of 2"V terms:

1
(3.5) M(D;Sy)) =55 D> 0 ) Mu(Di%).
wle{O,l} wNE{O,l}

The entries of each term are specified by

Cg(i,j) if quw(,5) € 9N [d(s)]a

3.6 M., D7E 2(s,4 i)~
(3.6) (M (D3 2¢)],5,4,5) {0 otherwise,
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where @ (2, 7) is the element-wise application of the function

t+7—-2 w=1

o j—i w =0,
qw(%,J)={| |

The matrix M,,(D; X¢) consists of a vertical concatenation of S multi-level Toeplitz-
Hankel matrices M,,(D;g®)) € CI=y(Pa=di? +DXTIy(Pat)) | The n-th entry of
the subscript w determines the structure at the n-th level: if w,, = 0, the matrix is
Toeplitz at that level; if w,, = 1, it is Hankel. For example, if N = 2, then M(D; g(*))
is the average of four terms: a doubly Toeplitz Mg, o) (D; ¢®)), an inner-Toeplitz-
outer-Hankel Mg 1)(D; ¢®*)), inner-Hankel-outer-Toeplitz M(1,0)(D; ¢®*)), and a dou-
bly Hankel M, 1)(D; g(*)).

The embedding of M(D; g) into a higher-dimensional “Chebyshev”-circulant ma-
trix proceeds as follows. By setting A € C(PTUx-x(D+1) equal to C = coeff(g) at
A1.(p+1) and zero elsewhere, M(D); g) can be embedded into the matrix

(3.7) Chebcirc(.A):L Z Z Chebcirc,, (A).

9N
’UJ1€{0,1} wNG{O,l}

The entries of Chebcirc,,(A) € CI= Pat+DXIT-1 (Da+1) are specified by

N
[Chebcircy (A)], ),y = X(A; tw(D, 4, 5)) cos (71' (anH(zn +in—2— Dn)>> ,
n=1

where H(-) is the Heavyside function, x(A;4) = a; if i € #/y[d®] and 0 otherwise,
and t,, (D, ,7) is the element-wise application of the function

w I = . .
D=YD+1-}i+j-D-3 w=1.

Using the decomposition

N N K
(3.8) Chebcirc(A) = <® CA?DnH) diag <<® éDn+1> VeC(A)> <® anH) )
n=1 N=1 k=1

where Cp,+1 = Sp,+1Cp, +1 and Cp, 11 = 4/ D"le—gnHSB}LJrD efficient matrix-

vector multiplication algorithms can be formulated utilizing FCTs. The procedure is
detailed in Algorithm 3.2 and asymptotic flop and memory costs are shown in Table 1.
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Algorithm 3.2 Right and left multiplication in the Chebyshev basis

1: function Mmv(XZ, D, X)
2 forne{l,...,N} do 1: function MVA(X,, D, {Y®}5 )
3: X+ X+, Sp, 41 2 Init zero X € CP1+1)x...x(Dy+1)
" X + IFCT, (X, D, + 1) 3. forse{l,...,S} do
5 forse{1,...,5} do 4 forne{l,...,N} do
6 for n e {1,...,] V} do 5 C) e cl) ., S;,,Ivl
7 C) ., 870, . €  (Latly3es)
8: Cl) (”r;%l)écw 7: C®) « IFCT, (C®), D,+1)
9: C(®) « IFCT,(C®), D, +1) & YO Y& . Sp
10: YO  x %) 9: V)« IFCT,, (V) D,+1)
11: forne{l,...,N} do 10: X=X+ Y s
19: V) PCT, (V) D,41) 11: forne{l,...,N} do
13: V& Y Sp 12: X «+ FCT,(X,D, +1)
14: YE) [y(S)]l:(D—d(S)+1) 13: X~ X-Sp,4+1
14: return X

15: return {y<5>}f:1

Table 1: Asymptotic flop counts and memory requirements (in big-O notation) for
right and left multiplication of the Macaulay matrix using various algorithms. For
clarity, the estimates assume dsf) =d, D, =D,and P® = Pforallse1,...,8
and n € 1,..., N. As shown in the table, the use of Algorithms 3.1 and 3.2 provides
substantial computational savings in both flop and memory.

D; %) vec(X) {vec(V)}%

s=1

Runtime (flop) Memory (no. of floats)
M(

Naive SD2N S(D—-d)NDN DN S(D — )N
Alg. 3.1 & 3.2 | SND¥logD SaN DY S(D —d)N

4. Application of Krylov techniques for null space computations. The
Golub—Kahan bidiagonalization procedure is a two-sided Gram—Schmidt process that
reduces a rectangular matrix to bidiagonal form using orthogonal transformations
from both sides. The resulting orthogonal bases can be used to (i) solve least-squares
problems or (ii) extract extremal singular triplets. The first applications leads to
the LSQR method [39], while the second application leads to the implicitly restarted
Lanczos bidiagonalization algorithm [6,28]. We describe how these algorithms are
used to compute a null space basis for a (numerically) rank-deficient matrix.

4.1. The LSQR approach. Given a rectangular matrix M, a right-hand vector
b, and a starting vector xy, LSQR produces at the k-th iteration the solution
(4.1) Ty = arg min (IMx — bl|2,
x€xo+Kr(MTM,p1)
where p; = MTq; and g1 = (b — Mzg)/ ||b — Mzgl[,. LSQR is mathematically

equivalent to applying CG to the normal equations and thus x; is the solution to
minimization of the quadratic form ¢(x) := %CDTMTMCIZ — 2 b in the affine space
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2o+ Kp(MTM,b—MTMzg). Despite this equivalence, LSQR has been shown to be
numerically more robust than CG on the normal equations for ill-conditioned systems
since it relies on the bidiagonalization process instead of tridiagonalization of the
Gram matrix [39]. However, this robustness comes at the price of a slightly higher
per-iteration cost [39)].

For our problem, b = 0 and M € CXizi [Imi(Pa=di?+DXIT1 (Datl) g the
Macaulay matrix, which has an R-dimensional null space in the noiseless overde-
termined case. Under these conditions, LSQR will find the orthogonal projection of
o to nullM, i.e., ®g, := Proj,im o, in at most HTJLI(Dn + 1) — R steps. Since
a randomly sampled unit vector typically has a nonzero component in the null space,
LSQR can be used together with the fast matrix-vector products of section 3 to re-
trieve null vectors of the Macaulay matrix. While a single null space vector is sufficient
to retrieve all roots of the system, Algorithm 4.1 describes a process to retrieve the
entire null space. This is done by performing R>R parallel LSQR iterations with
random starting vectors. By continuing the iterations until the normalized error

(4.2) e, := May/||zy||

falls below a threshold € > 0, converged vectors can be post-processed to compute an
orthonormal basis. If at least R vectors converge within maxixum iteration bound
Kinax, Algorithm 4.1 is expected to almost surely retrieve a null space basis with
accuracy €.

The complexity of the method depends on the number of iterations required to
reach the error tolerance. This, in turn, depends on how quickly a vector in the Krylov
subspace KCx(M "M, p1) can eliminate the component of @, along the row space of
M. Using classical results [48, Theorem 38.5], the following bound can be produced:

k
k—1
s — o, < 26(M) ( ) @0 — ol

k+1
where k(M) := || M|z |[MT||2. However, faster convergence is possible if the singular
values of M are clustered [48, Theorem 38.4]. In practice, the convergence behavior
is far more difficult to analyze. Loss of conjugacy between directions and loss of
orthogonality between residuals due to numerical rounding can significantly degrade
the rate of descent, even to the point that stagnation occurs. In fact, the true solution
may never be reached in a finite number of steps.

Nonetheless, for reasonably well-conditioned systems, convergence typically oc-
curs within C(g) Hf:/:l(Dn + 1) iterations for a small constant C'(¢) > 0. In LSQR,
the dominant cost stems from matrix—vector products, of which three are required
per iteration®. Table 2 summarizes the complexity of Algorithm 4.1, assuming Algo-
rithms 3.1 and 3.2 are used for the matrix—vector operations. Letting nrsqr (¢) denote
the number of matrix—vector products needed to reach accuracy € > 0, one obtains

(4.3) nLsqr(e) € O(RC(e)DN).

Thus, when (D — d)V/(RC(¢)Nlog D) > 1, the flop saving over a full SVD will
be substantial according to Table 2. The primary advantage, however, is memory
efficiency: unlike the full SVD, algorithm 4.1 avoids storing full matrices. This is
particularly beneficial when R=1,ie,ifa single null vector is used to retrieve the
roots.

6Two are intrinsic to the algorithm, whereas one is required to evaluate (4.2).
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Algorithm 4.1 Null space retrieval using the LSQR method

1: function NULL_LSQR(M, R; €, Kpax)

2: forrzl,...,Rdo

3: Initialize random @ € RITi=1(PntD) with lzo]l, =1 and set b=0

4: Run LSQR until ||ex]| < € or if Kpax iterations are reached

5: if ||ex||, < € then

6: X [X :Bk]

7 Compute orthonormal basis K of col X > Using SVD or QR.
8: return K

A limitation of Algorithm 4.1 is its inability to handle noisy systems. Overde-
termined systems with noise generally have only approximate roots, causing the
Macaulay matrix to lose a strict null space. In such cases, LSQR eventually con-
verges to the unique minimum of ¢(z) = %|[Mz|2 at « = 0. One remedy is to
minimize ¢ subject to the normalization constraint ||x|2 = 1. More generally, the
subspace spanned by the R smallest right-singular vectors is found by minimizing
[MX||3 for X on the R-dimensional Stiefel manifold [1,11]. This approach, however,

departs from a purely Krylov-based method.

4.2. Implicitly restarted Lanczos bidiagonalization. An alternative, which
stays within the Krylov-subspace framework, is to approximate the singular triplets
of M directly using the Lanczos bidiagonalization method. At the k-th step, the
right-sided Golub—Kahan process produces the matrices Py = [pl pk] and
Qi = [ql qk], whose columns span the Krylov subspaces %(MTM,pl) and
(MM, Mp,), respectively. Upon termination at this step, the SVD variant of
the Lanczos method computes the singular triplets (&, @, ¥) of the bidiagonal matrix
B; = Q] MPj,. These, in turn, yield the Ritz triples (6, Qx@, Pj®), which provide
in a certain sense the best approximations of true singular triplets within the com-
puted Krylov subspaces. In the case of right-singular vectors, the accuracy of the
approximations is fully determined by the subspace captured by ¢, (M ™M, p;). In
particular, when the matrix M has an exact null space, the computation of a null
vector depends entirely on p; having a nonzero component in the null space and how
the subsequent vectors in P are able to cancel the component of p; along the row
space of M. From this perspective, the retrieval of a null space vector follows the
same mechanism as LSQR, and a comparable convergence rate can be expected.

Unfortunately, the Lanczos bidiagonalization method, in its standard form, is not
a practical algorithm. Unlike LSQR, the Lanczos method requires explicit storage of
P, and Q. Thus, unless the singular values of M are highly clustered, the number of
Golub—Kahan steps required to obtain accurate approximations will be prohibitively
large. Moreover, maintaining orthogonality of P and Qj is far more critical because
loss of orthogonality can lead to instability and spurious singular values. The addi-
tional cost of re-orthogonalization further undermines the practicality of the method.
The remedy is to stop the Golub—Kahan procedure prematurely and use the avail-
able spectral information to restart the process. A powerful restarting technique is
implicit restarting, which replaces the initial vector p; with p; = /(M M)p;, where
P(x) = (x — p?)---(z — p?) is a polynomial filter that removes unwanted spectral
components. Since the right-singular vectors associated with the smallest singular
values are of interest, an effective choice is to set uq,...,u; equal to the [ largest
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540 computed Ritz values. Repeated restarts then progressively steer the starting vector
541 toward the subspace spanned by the smallest singular values, enabling recovery of a
542 single null vector. For computing the smallest singular triplets, implicit restarting
543  was first introduced in [28], where harmonic Ritz values [42] were employed as shifts
544 to accelerate convergence, particularly when the smallest singular values are tightly
545 clustered. Subsequently, [6] proposed a numerically more stable variant that performs
546  restarting by augmenting the Krylov subspace with previously computed Ritz vectors.
547 The authors also suggested using harmonic Ritz vectors for augmentation, though this
548  requires B;l and may become unstable if By, is ill-conditioned.

49 To compute an R-dimensional null space, a block Lanczos variant with block size
50 R > R is required. Algorithm 4.2 outlines the augmented implicitly restarted block
51 Lanczos algorithm (IRLBA); see [6, 7] for details. Let mrrpa denote the number of
52  matrix—vector products required in Algorithm 4.2 to achieve accuracy € > 0. Ta-
53 ble 2 summarizes the asymptotic flop and memory costs of IRLBA, including the
54 reorthogonalization overhead. The total number of matrix—vector products satisfies

555 mrLBa (€) € O(kRT(¢)),

56 where T'(¢) is the number of restarts. For IRLBA to perform well, careful tuning
57 of its hyperparameters is required. Increasing the block size R and the restarting
58 window k generally improves robustness and convergence, but at the cost of increased
59 memory usage and more expensive re-orthogonalization operations. Furthermore,
60 restarting typically slows down the convergence [34]. In contrast, LSQR does not

1 employ restarting; however, the absence of re-orthogonalization can likewise have a
62 detrimental effect on convergence.

Algorithm 4.2 Null space retrieval using the IRLBA method

1: function NULL_IRLBA(M, R; ¢, k, Thax)

2 Initialize random orthonormal matrix P 5 € RITn =1 (DA 1) xR,
3 Construct Pz, Q; p, Q, 5, and B, 5 using the Golub-Kahan process.
4 fort=1,...,Thax do
5: U,3,V « svp(B, z)
6 if | M(P s, @) — 5:(Qp, )| < e fori€ {R(k—1)+1,..., Rk} then
7 break

8 Restart Lanczos by augmenting with (harmonic) Ritz vectors
9 Produce P, 5, Q.p, Q,p, and B, after k steps Golub-Kahan process
10: K .= PRk [’67- B ﬁ}%k]
11: return K

563 5. Numerical experiments. In this section, we evaluate the practical perfor-

564 mance of utilizing the fast matrix-vector products from section 3 in Algorithms 4.1
565 and 4.2. The performances are compared to the baseline SVD-based method. We

566  first consider overdetermined systems in the noise-free setting and subsequently study
567 performance under noisy conditions. Before comparing the null space algorithms, how-
568 ever, we establish key insights into how root estimation and null space computation
569 depend on the number of available null space vectors and the number of equations.
570 5.1. Experimental setup. We outline how test problems are generated, define
57

I error metrics for evaluating performance, and specify the computational environment.
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Table 2: Asymptotic complexities (in big-O notation) of LSQR (Algorithm 4.1) and
IRLBA (Algorithm 4.2) in terms of flop count and memory. We assume dgf) =d and
D,, = D. The SVD algorithm refers to either Golub—Reinsch or R-SVD [24], which
have similar asymptotic complexity. The estimates show that, when the number of
matrix—vector products remains small, LSQR and IRLBA outperform the SVD in
terms of flop count while simultaneously requiring significantly less memory.

Runtime (flop) Memory (no. of floats)
SVD (D - d)NS) DN S(D —d)NDN + DN
LSQR (1% C(e)NSlog D) DN SN+ R(DN +S(D — d)N)

IRLBA ((NS log D + kR)kRT(e)) DN AN+ kR(DN +8(D — d))

Generation of test problems. The algorithms are tested on randomly generated
overdetermined polynomial systems with R roots at prescribed locations. We limit
our focus on systems with real coefficients and real roots, although the theory in
section 2 does not impose any such restriction. Random overdetermined systems
are constructed as follows. The null space of a multivariate Vandermonde matrix
evaluated at prescribed points defines a subspace of polynomials that vanish at these
points. By selecting S > N random elements from this subspace, one obtains, with
probability one, an overdetermined system with exactly R common roots. Gaussian
noise can be added a posteriori to the polynomial coefficients to produce systems
with only approximate solutions. To quantify this, we define the signal-to-noise ratio
(SNR) as the ratio of the norm of the polynomial coefficients to the norm of the added
noise.

Error metrics. The SVD-based method and Algorithms 4.1 and 4.2 compute an
orthonormal basis K for the (approximate) null space. Let Kot denote the matrix
whose columns are the right-singular vectors corresponding to the R smallest singular
values of the Macaulay matrix. The following error metrics

_ IM(, D)K]|

(5.1) E, = M D)l and  Ey = ||(I— Kt K )K||2

ref

are used to assess the accuracy of the computed null spaces. When the Macaulay ma-
trix admits an exact null space, F; is used. For noisy systems, where the Macaulay
matrix only possesses an approximate null space, the second metric is more appro-
priate. Specifically, 5 measures the sine of the largest principal angle between the
spaces defined by K and K,¢;. The accuracy of the estimated roots {&(")} | relative
to the exact roots of unperturbed noiseless system {x("}% | is estimated with the
root-mean-squared (RMS) error

R
. 1 .
(52) FE3 = min R 7221 ||m(7‘) — gg(O'(T))||%7

where the optimal assignment ¢ is computed using the Munkres algorithm over the
set of all permutations Z.

Hardware & software environment. All experiments were conducted in MATLAB
2023a on a MacBook with an Apple M1 CPU (8 cores) and 16 GB of RAM. To
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Fig. 1: Root estimation error (5.2) versus the number of null space vectors R used
in the CPD of (2.16) for various signal-to-noise ratios. Medians over 40 trials are
shown for overdetermined systems (N = 3, d = (3,3, 3)) in the Chebyshev basis, with
R = 7 roots uniformly sampled from [—1,1]¥. The cpd function from Tensorlab [52]
was used with settings MaxIter = 400, TolFun = 1e-30, and TolX = 5e-16. The
approximate null space for constructing 7 is extracted from a multi-degree D =
(8,8,8) Macaulay matrix using the R smallest right singular vectors from the SVD.

compute the CPD in (2.16), we utilized the built-in cpd function of Tensorlab [52].
For algorithm 4.2, we employed the irlbablk implementation available on James
Baglama’s website”.

5.2. Root estimation and available null space vectors. As discussed in
subsection 2.7, the CPD in (2.16) can already be unique for a single null space vector
R=1In practice, however, Figure 1 reveals that using more Macaulay null space
vectors is numerically advantageous. The figure reports the median root estimation
error Fs3 for overdetermined systems with R = 7 roots as a function of the number
of null space vectors. For all noise levels, the same trend is observed: increasing the
number of null space vectors consistently reduces the error. However, for high SNR
systems, most of the improvement is already achieved in the inclusion of one or two
additional null space vectors. This indicates that a full null space basis is not always
necessary for accurate root estimation.

5.3. Effect of number of equations on null space estimation. Experiments
on random overdetermined systems show that the number of equations S affects null
space estimation in two ways. First, increasing S lowers the multi-degree at which
the Macaulay matrix’s nullity stabilizes (see Table 3), allowing system roots to be
estimated from smaller matrices. Second, larger S values yield a more favorable sin-

Thttps://www.math.uri.edu/~jbaglama,/
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Table 3: Nullity of the Macaulay matrix as a function of the multi-degree D =
D(1,1,1) and the number of extra equations AS = S — N. We consider overdeter-
mined systems with multi-degree d = (3, 3,3) in the Chebyshev basis, with N = 3
variables and R = 7 roots. Adding consistent equations reduces the multi-degree at
which the stabilization degree is reached. The case AS = 0 is excluded, since for
square systems Bernstein—Kushnirenko’s theorem [23,40] predicts 162 roots rather
than 7.

D|AS=1 AS=2 AS=3 AS=4 AS=5 AS=6
3 60 59 58 57 56 %)
4 93 85 7 69 61 53
5 108 81 54 27 7 7
6 93 33 7 7 7 7
7 60 7 7 7 7 7
8 27 7 7 7 7 7
9 8 7 7 7 7 7

gular value distribution for Krylov methods, with a sharper tail and smaller condition
numbers. Figure 2 illustrates this observation for Macaulay matrices of a system with
N = 3 variables. The figure also shows the null space error E; at different stages of al-
gorithm 4.1, demonstrating that increasing S reduces the number of LSQR iterations
needed to reach machine-precision accuracy.

5.4. Null space estimation in noise-free conditions. In the noise-free set-
ting, the Macaulay matrix has a proper null space whenever the overdetermined sys-
tem admits a positive number of isolated roots. Table 4 provides an indicative assess-
ment of the performance of Algorithms 4.1 and 4.2 in regimes where the number of
roots R is far smaller than the theoretical limits for square systems. In Table 4, we fix
R = 2 and consider overdetermined systems with an increasing number of variables
N, while keeping the coordinate degree equal to one. The table reports the average
computation time and accuracy obtained with the proposed Krylov methods and with
the SVD for computing the two-dimensional null space of the Macaulay matrix at the
stabilization degree. Initially, the SVD method outperforms the Krylov approaches
due to its highly optimized implementation; however, as N increases, Algorithms 4.1
and 4.2 eventually compute the null space more efficiently while maintaining satisfac-
tory accuracy. Beyond a certain problem size, the SVD approach becomes infeasible
due to insufficient memory to form the large dense matrices. In Table 4, the Krylov
methods are driven to near machine precision to allow a fair comparison. In practice,
this level of accuracy is often unnecessary, as relatively inexpensive Newton iterations
can refine the solution obtained from a less accurate null space computation.

5.5. Null space estimation in noisy conditions. For noisy systems, the
Macaulay matrix has an approximate null space. In this setting, the goal is to recover
the subspace spanned by the right-singular vectors corresponding to the smallest sin-
gular values. Tables 5 and 6 provide an indicative assessment of IRLBA’s ability to
compute this subspace relative to the SVD method. Specifically, Table 5 evaluates
IRLBA’s performance for systems of increasing degree, while Table 6 examines how
noise impacts the computation of the approximate null space. Similar to the noiseless
case, IRLBA eventually outperforms the SVD in computation time while the errors
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AS | k(M) | E; after k iterations (normalized with number of columns)
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27948 | 0.16484 5.8185e-05 1.8646e-05 9.1522e-06 2.1172e-06
468 | 0.16868 1.538e-05  7.9785e-07 1.2705e-11 1.0577e-15
150 | 0.17006 7.9003e-07 1.8766e-10 7.6271le-16 7.6087e-16
110 0.1629  5.6179e-08 3.8833e-14 6.5022e-16 1.5487e-15

T W N

Fig. 2: Singular value distribution of Macaulay matrices as a function of the number
of additional equations, AS = S — N. The overdetermined polynomial system is
in the monomial basis with N = 6 variables, multi-degree d = (1,1,1,1,1,1), and
R = 2 roots. The Macaulay matrix is constructed at multi-degree D = (3,3, 3, 3,3, 3).
Adding more equations sharpens the tail of the distribution and reduces the condition
number x(M) := ||[M|| M2, resulting in faster convergence of algorithm 4.1 to
machine-precision accuracy.

remain within an acceptable range.

6. Conclusions. We introduced two Krylov-based methods, derived from the
Golub—Kahan bidiagonalization process, for computing an approximate null space
basis of the Macaulay matrix. Together with the fast matrix-vector products derived
for Macaulay matrices in the monomial and Chebyshev basis, these methods show
promise of being significantly more efficient in both memory and computational time
than the baseline SVD approach for overdetermined systems with a small number of
roots. This potential is further supported by numerical experiments showing that a
complete null space basis is not required to obtain reasonably accurate root estimates.
Nevertheless, the potential efficiency gains are contingent on the Macaulay matrix ex-
hibiting a favorable singular value distribution that accelerates the convergence of the
Krylov methods. Our experiments indicate that, at least for the random systems con-
sidered, the singular value spectrum improves as the number of additional equations
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Table 4: Median computation time and accuracy over 30 trials for computing the
null space of the Macaulay matrix in a noise-free setting using LSQR, IRLBA, and
the SVD. We consider overdetermined systems with S = 2N equations of coordinate
degree d; = 1 in the monomial basis having R = 2 isolated roots at (1,...,1) and
(=1,...,—1). The Macaulay matrix is constructed at coordinate degree D; = 3.
For the Krylov methods, we set R = R = 2 and ¢ = ||[M]||y - 1075, For IRLBA,
we terminate the restarts explicitly when the second-to-last singular value reaches e.
Furthermore, we have optimized the window size k through manual experimentation.
As the number of variables N increases, the Krylov methods eventually outperform
the SVD in efficiency.

N size M computation time (s) E,

TOWS cols SVD LSQR  IRLBA SVD LSQR IRLBA
2 36 16 1.3e-04  5.4e-03  1.7e-02 | 3.2e-16 1.3e-15 1.0e-13
3 162 64 2.7e-03  2.2e-02  3.4e-02 | 5.1e-16 4.2e-15 2.7e-15
4 648 256 3.0e-02  1.0e-01 1.8e-01 | 7.5e-16 9.4e-15 1.9e-15
5 | 2430 1024 | 7.3e-01  5.9e-01  9.9e-01 | 9.6e-16 3.6e-14 1.le-14
6 | 8748 4096 | 3.4e+01 7.8e+00 9.1e4+00 | 1.7e-15 4.0e-14 1.7e-14
7 | 30618 16384 - 5.8¢+01 8.0e+01 - 9.9¢-14  6.9¢-13

Table 5: Median computation time and accuracy over 30 trials for computing an
approximate null space of the Macaulay matrix in noisy conditions (SNR = 10%)
using IRLBA and SVD. In contrast to the experiment in Table 4, the multi-degree
d = (d,d,d) is varied while N =3, S =13, R = 3, and D = (2d,2d,2d). The error
on the IRLBA-computed null space Fs is evaluated by using the null space from the
SVD as the reference. As the problem size increases, IRLBA eventually outperforms
the SVD in terms of computation time.

d size M computation time (s) E,
rows  cols SVD IRLBA

2| 351 125 | 1.6e-02 6.3e-02 5.0e-15
3 832 343 | 8.4e-02 2.6e-01 7.8e-14
4] 1625 729 | 3.5e-01 9.6e-01 6.7e-13
5 | 2808 1331 | 1.4e+00 1.6e+00 7.8e-13
6 | 4459 2197 | 4.9e+400 3.4e4-00 1.8e-12
7] 6656 3375 | 1.6e+01  7.0e+00 | 8.5e-12
8 | 9477 4913 | 7.0e+01  1.6e+01 | 1.5e-11
9 | 13000 6859 | 1.7e+02  2.7e4+01 | 4.7e-11

increases, leading to fast convergence even without preconditioners.

7. Future work. Our work does not explore the full range of methods available
in the extensive Krylov and iterative methods literature, as this lies beyond the scope
of the present study. While broader exploration may improve performance, the ma-
trix—vector product scales exponentially with the number of variables, limiting the
solvability of larger systems. We therefore argue that future efforts are better focused
on overdetermined systems with additional structure, such as low-rank properties,
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Table 6: Median computation time and accuracy over 30 trials for computing an
approximate null space of the Macaulay matrix in noisy conditions using IRLBA and
SVD. We vary the SNR for an overdetermined system with vV =3, S =9, R =7,
d=(3,3,3),and D = (8,8,8).

SNR | computation time (s) E,
SVD IRLBA

00 1.6e+00  3.1e+00 | 7.6e-13
1.0e+13 | 1.9e+00  2.9e+00 | 4.9e-13
1.0e+10 | 1.7e+00  2.4e4+00 | 5.3e-13
1.0e+7 | 1.7e+00 1.8e4-00 6.4e-13
1.0e+4 | 1.7e4+00  1.4e4+00 | 9.5e-12

where this curse of dimensionality is alleviated. Another direction is the integration
of Krylov techniques within the recursive frameworks [8,51]. Finally, investigating ef-
fective preconditioners for the Macaulay matrix to address more challenging problems
is a worthwhile direction for future research.
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