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Overview

Motivation: Macaulay method for solving (overdetermined) polynomial systems



Solving system of multivariate polynomials

Let S > N, find isolated roots of the polynomial system

p1 = pi(xi, X2, ..., Xn)

ps = Ps(Xl,X2,~--7XN)

NOTE: In practice, we may be only interested in the affine roots...



One approach to compute roots (Vanderstukken and De Lathauwer 2021)

ik XN
P10 X _ edeg(PL)py (<., 71
) Homogenize . Determine roots (n (n
z: : — 3 S - - - - > {(t('),xl sy )}
X1 XN
Ps(x1,--xp) fdeg(ps)Ps(T,m,T) T
diag(t(l) ..... t(R)),
Compute null space basis Solve joint-GEVD diag(x(l),,_,7x(R)),
M(d) > N(d) > o

diag(xl(vl),...,xl(VR))

The rows of the Macaulay matrix M(d) span the set of polynomial combinations:

S
> hs-ps:  deg(hs) =d — ds
s=1



Computing null spaces of Macaulay-type matrices is important!

Null spaces of Macaulay-type matrices are also required in:

1.

The GEVD method of Dreesen, Batselier, and De Moor.

2. Truncated normal form methods of Telen, Mourrain, Van Barel.
3.
4. Vermeersch and De Moor's block-Macaulay method for multiparameter

The Julia package EigenvalueSolver.jl of Bender and Telen.

eigenvalue problems.

. and other related methods ...



Macaulay matrices of univariate systems are block-Toeplitz

pr(x) = 44 2x+1x2+2x3 4 5x*
paAx) = 2+ 1x+ 4x% 4+ 3x3 4+ 2x*
1 x x2 X3 x* x* x5 X
m [4 2 1 2 5
P2 21 4 3 2
Xp1 4 2 1 2 5
Xpo 2 1 4 3 2
3 4 2 1 2 5
M(8) = x2py 2 1 4 3 2
x3p1 4 2 1 2 5
x3p> 2 1 4 3 2
x*p1 4 2 1 2
x*p | 2 1 4 3




Macaulay matrices of bivariate systems are (almost) Toeplitz block-(block-)Toeplitz!

pr(x,y) = 1+6x+4x>+2y +5xy +3y°
pa(x,y) = 9+ 1x+3x%+ 8y + Txy + 2y°
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Macaulay matrices of systems with N > 3 variables

m In trivariate case: Block-Toeplitz where each is Toeplitz-block-(block-) Toeplitz

m For N > 4: higher-order generalizations of the above...
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Low displacement rank (LDR) matrices

LDR matrix of the Sylvester-type

A matrix X € F"*" has low displacement rank with respect to displacement matrices
A,B € F™" if rank Dp g{X} < n with

Dap: X+~ AX—XB.

One could also work with the Stein equation X — AXB, leading to different family of
algorithms...
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An example: Toeplitz matrices

¥
1
Zpo = ) e Cnxn,
1
1 to t1 th t3 to t1 th 3
1 t1 to 5] to - t_q to t1 b
1 to t1 th t to t1 th t1
1 t3 to t_1 to t3 to t_1 to

t3—t to—t t1—t3 to—ph

0 0 0 t3 —pt_1
0 0 0 th —pt_o
0 0 0 1 —pt_3
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The displacement operator produces a compact representation of the Toeplitz matrix

If o #1, U and V are generators of the Toeplitz matrix

t3—t to—th t1—1t3 to— pl 1 0
0 0 0 t3 —pt1| 0 t3—pt_1 t 33—t to—t t_1—1t3 top— pty
0 0 0 th — pt_o ] th —pt_o 0 0 0 1
0 0 0 t1 — pt_3 0 t1 —pt_3 v
—_———— :
=:U

Not all generators produce Toeplitz matrices!
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LDR matrices associated with Z,1X — XZ, , are called (in this context) Toeplitz-like

As an example, Tfsz with T1, Ty € C"*" Toeplitz is Toeplitz-like.

Zn1 T1 To| |T1 Taof |Zng _
R | R S P B

!
oo Jora s oo Hoa [, Joroms
!
“ [ o | | [ 4| 2
I
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Another example: a pure Cauchy matrix

1 1 1 1 1 1 1 1
M1 HII’A HIIVQ HIIV3 HIIW HIIVI H1IV2 HII’G m;w
H2 HQI’H HQI’/Q NzIVa NZIVA _ ,U/ZIVI HQIVZ HZIVS N2IV4
H3 M3—V1  H3—V2  H3TV3 (34 M3=V1  H3TV2  H3TV3 U3
I 1 1 1 1 1 1 1 1
Ha—V1  p4—V2  H4—V3  [4—V4 pa—V1  pa—V2  H4—V3  [l4a—V4
1 1 11

If i # pj, the displacement operator is invertible.

n
V2
V3
vy
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LDR matrices associated with diag(p)X — X diag(v) are called Cauchy-like

A rank-r Cauchy-like matrix C € C™" has entries:

uiv;
[C]ij:'i", uj,v; e C".
i —Vj

§i—

E.g., Loewner matrices with entries P m are rank-2 Cauchy-like.
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The Gohberg-Kailath-Olshevsky (GKO) algorithm for Cauchy-like matrices

4 ol [ 511 1 s <RI
diag(pt2) (B — FA™!G*)— (B — FA™'G*) o:ag(uz) = (Ro — FA™'Ry) (S2 — G(A*)7181)"

Main principles behind O(n?) GKO algorithm:
m Schur complements preserve Cauchy — use generators for Gauss elimination.

m Permutations preserve Cauchy — partial pivoting for improved numerical stability
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Stability of GKO can be further enhanced through approximate complete pivoting

’ | wip Wi cc- Wi
diag(p)C — Cdiag(v) =:G= |(q; --- q,
| | wir Wwi2 - Wip

(Gu 1998, Lemma 3.1)

The column with the /argest 2-norm in G (denoted jimax) satisfies:

1
12?)( | Cijmae | = WK |Cu|

If r < nand Q is orthonormal, finding jnax is cheap

Gauss updates destroy orthonormality — extra cost: QR-decomposition at each step!
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Many LDR matrices are efficiently converted to Cauchy-like (Heinig 1995)

Assume A, B have ‘fast” eigendecompositions

AX -XB=UV~*

i
(WaAaW D) X — X (WpAgW3!) = UV*
i
AW IXWg — W IXWgAg = (W,1U)(WEV)*
i

diag(pn)C — C = RS*
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Zn,, has a fast eigendecomposition, thus Toeplitz-like systems are solved fast using GKO!

Denote w, := exp(—2m¢/n) and F, € C"™" the (unitary) DFT matrix. Then
Zn,cp = (Dn,goFn)(‘Pl/nQn)(Dn,chn)il7

where D, ,, := diag(1, e Y o~ (=D/My Q= diag(1, @y, . .., @),
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M(d) is LDR for univariate systems

Assuming deg(ps) = dx for s =1,2,...,S,

Coi Cij - C(dg—i)i

Coi Cij C(ds—i)i
M(d) = ' . . c CS(Ad+1)><(d+1)‘

Coi Cii T Cds—i)i

For D: X — (dedz,l & 15) X — XZd+1,<,o: we have

rank 2 {M(d)} =25, irrespective of d.
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The Macaulay matrix for the general bivariate case
Assuming deg(ps) = dx fors =1,2,...,S,
Moo Mio -+ Mgpo
Mo1 Mip -+ Mgn
M(d) := . .
Moad M1 ad
with Ad :=d — ds and
Coi C1j "' C(dg—i)i
Coi Cij e Clds—i)i

M; ;=

Coi Cij

Mys Ad

C(ds—i)i

c Cg(Ad+1)(Ad+2)>< %(d+1)(d+2)

€ CS(AdH+1=))x(d+1=i—))

)
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M(d) is relatively LDR for bivariate systems

Zpd+11®Is
7 {M(d)} =

Dimensions of M(d) € O3 (BB DX a1)(a+2

Zd+1#’d+1

) grow quadratically w.r.t. d, but

rank 72 {M(d)} < S(Ad+1)=5(d+1—dy).

grows only linearly with d.

Zlv@l
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An overview of the fast algorithm for computing the null space

Mie===c2220c00c=0c=0c-= ~ N(d) = WN(d)
A
step 1:
convert into Cauchy-like
matrix step 2:
compute a rank-revealing

. v LU factorization of M(d) )
Ni(d) = ®M(d)¥ ~ N(d)

Both steps can be done fast!



Rank-revealing LU (RRLU) factorization (Miranian and Gu 2003)

Apply permutation matrices Iy, My such that My — leMfllMlz ~ 0 in

B I Mll :| [I M_1M12]
MM(d)n, = NN R N 11
1M(d)0; {MQIMM1 1] [ My — Moy M Mo I
- My Bl
~ {Mﬂ] I My M)

Expression for null space:
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Extending the GKO algorithm to compute null spaces

N is also Cauchy-like of the same LDR rank as M(d)

Adapt GKO algorithm to directly determine generators for N

Use (approximate) complete pivoting strategy!

Bivariate systems: QR too expensive — update strategy using Householder!

Special provisions for stable calculation of N.

For more technical details (Govindarajan, Widdershoven, et al. 2024)

27



Flop count is reduced from O(dg) to O(dg) for bivariate systems

Assumptions:
m Number of roots ~ d2 (i.e., Bezout bound),
B2<S5<ds.

A quick complexity overview for each step
m Step 1: O(S-dx - Ad - dlogd)
m Step 2: O((rank M(d)) - S?d3), rank M(d) ~ d?

d < 2dsy — 2 to find a null space containing all system roots

I
O(d3)
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Stability experiments: error grows linearly with problem size

M
” IM(d)Ql, Q is an orthonormal basis for col N(d)
IM(d)ll, °
dy
) 4 8 16 32

SVD on M(d) 2.23e-16 3.75e-16 5.70e-16 7.94e-16 9.51e-16
SVD on Nl(d) 2.57e-16 4.77e-16 7.54e-16 9.97e-16 1.15e-15
GECP on M(d) 1.40e-16 3.11e-16 8.33e-16 1.02e-14 1.40e-13
GECP on Ni(d) 2.08e-16 4.65e-16 1.03e-15 9.73e-15 1.21e-13
GECP on ¥ 4.35e-16 1.51le-15 1.35e-14 1.72e-13 2.8le-12
GEAP on @ 4.21e-16 3.63e-15 3.88e-14 3.19e-13 4.48e-12

Median error € over 100 runs for square systems with different methods and degrees.

Sources of error:
m switching to LU instead of an SVD
m working with the compact Cauchy representation ¢
m switching to approximate pivoting <— Surprisingly not so bad!



Our experiments indicate that the flop complexity is indeed O(d3)

The measurements are the median of an adapted number of runs after warmup.

104 ET I I E|
| | = GEAPon ¥ E
| | ——SVD on M(d) 1
10° - o)
|- o) |
2 L |
= 107}
10t | E
1000 o=
:\ al | | | | | 3

25 35 50 71 100 141
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The fast algorithm extends to Polynomial systems in the Chebyshev basis

ds ds—i

pilxy) = ) > byTix)Ti(y) =0

i=0 j=0

ds ds—i

ps(x,y) == D> > bsTi(x)Ti(y) =0

i=0 j=0

m Toeplitz-plus-Hankel structures instead of just Toeplitz.

m Apply same techniques but with a modified displacement equation.
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One-variable case

Since Tk(x) Ti(x) = &(Thsi(x) + Tik—1|(x)), we have:
W(d) — thz(d) + Whnk(d) c CS(Ad+1)Xd

byj by -+ b
byj b by .-+ by
Wz (d) = by b b by b,
) J )J J 'y
bas; b;; by by by

rank ((YAd,O ®15)\V(d) = W(d)Ydyl) = 45,

Whuk(d) —

[ boj by
by
bdﬂ'
1
0
1 1
0
1

STl

de,'
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The algorithm does not nicely extend for general N-variable systems

m The idea of "GKO-+complete pivoting” naturally extends to N-variable system
m Current set-up however has diminishing returns: O(d®V) to O(d3N—1).

m Issue: we only exploit one direction of the multi-Toeplitz structure!

How to exploit multi-level Toeplitz structures? A big open question!
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What we are searching for!

Given a Toeplitz-block toeplitz matrix T € C"™*n* does there exist an A Be el
such that
rank (AT — TB) € O(1)

and A, B have ‘“fast” eigendecompositions?

If answer is no, we need a radically different approach...
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Could composing displacement operators possibly resolve things?

[t % & & 8§ & 8 8 8 8 ]
2 t9 &, & & 6 2w oy
2 & dy &y & & 2y B B &
9, 0 |,y 4 2y 2, B,
ty L] e g 6 6 8
e 5 | &y & R e B " 3

T |5 fo) 33 t;lz tff til t713 t712 tal t(i

2 P PR P R
t t ty o b toy ty b
ol § o
ts3 " |ty tH ty ty ty ty thy tp
T~ =57 52 62 62 o B o
] o = 8 5 8
i e | & 52 &2 2y Y &

| = we |28 & & 2 05 10 0 1 |

Di: T 1 ®Znp,)T =TI ®%Zny,)
DyoDy: Di{T} = (Zny. ®1p) D1{T} — D1{T} (Zny, ®1n)
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Could composing displacement operators possibly resolve things?

~ rank —O(n) matrix

000
000
000

00 0 =
000
000

*

*

*
*

000
000
000

*

000
000

*

*

000

00 0 =*
000
000

*

*

00 0 =
000
000

*

*

*
*

00 0 =
000
000

*

*

0

0
0

0
0
0

0 x
0

0

00 0 =
000
000

*

*

00 0 =*
000
000

*

*

0
0
0

0
0
0

0
0
0

000
000
000

00 0 =

00 0 =

00 0 =

0
0
0
*

0
0
0
*

*

000
000
000

Di{T}

T (In®Zng,) T = T(1n®Zn,)
Di{T} = (Znpe ®1n) Di{T} = Di{T} (Znpy @ 1)

D]_Z

D2OD1:
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Could composing displacement operators possibly resolve things?

~ rank —O(n) matrix

* ok ok ok

000 =

000 =

0 00 %

* ok ok ok

* ok ok ok

* ok ok ok
000 %

000 *

000 * |

* ok k%
000 %

000 =

000 =

0000

0000|000 *

00O0O0|O0O0O0 *

0000|000 *

0000
0000
0000
0000

* ok ok ok
000 *

000 =

000 *

0000

0000

[ % %
000 %

000 x

000 x

0o0oo0oo0o|j00O0O0|0O0O0O

0000O|0O0O00O00|0O0O0O0 |0O0O0 *

0000O|0OOO0OO0O|0OO0O0O0|0O0O0 =

0000|0000 |000O0 |0O0O0 =

0000|00O0O
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0000 |00O0O
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D, 0 Dy {T}

T = (In ® Z”:‘Pa) T - T (In ® Zn,gob)
Di{T} = (Znge ®1n) D1{T} = Di{T} (Znpy @1n)

Dli

DQOD]_Z
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Generally, composition displacement operators yields generalized Sylvester equations

lf Dap: T+ AT —TB and Dgp : T — CT — TD, then

DepoDap: T~ CAT — CTB — ATD + TBD
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Solving generalized Sylvester equations

Solve
P

P
D (Ai@Bi)vec(X) =vec(Y) <= > AXBi=Y
i=1 i=1
Diagonalization of the system:
m For p = 2, substitute gen. eigendecomp. of pencils (A1, Az) and (B1, B2):

A1 XB; +AXB, = Y

Vala, Q' XVeAs Q5" + Vala, Q' XVpAs, Q5 Y
Q' XVeAg, + A, Q' X Vg = V,'YQs

m For p > 2 we require {A;}?_; and {B;}%_; to be both jointly diagonizable.
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Could this possibly be true?

Given a Toeplitz-block-Toeplitz matrix T € C"™*"” does there exist for some p>2
{A;}f_; and {B;}?_; such that

rank (i A,-TB,-) € 0(1)

i=1

and {A;}7_,, {B;}"_; are jointly diagonalizable by “nice” matrices?

If answer is no, we again need a radically different approach...
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Overview

Conclusions and additional remarks
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Conclusions and additional remarks

The Macaulay null space problem:

m The GKO algorithm allows for a faster algorithm than standard approaches.
But the returns diminish as N becomes larger.
Other LDR methods (Mastronardi, Van Barel, et al. 2009) suffer from same issue.
Further improvements possible with HSS representations of Cauchy-like matrices
They sadly come with large constants and do not resolve dimensionality issues.
Root cause: inability to fully exploit multi-Toeplitz structure in Gauss elimination

Any breakthrough on this front will have great impact, e.g., faster TBT solvers!
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